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The previous chapter  has  discussed the  asymptotic behavior 

of t he  outgoing Green's func t ion  G(+)(z;$) a t  l a r g e  0w re  This 

chapter  examines the  l i m i t  of Pi(+) ( r )  as r -+ 0 5 ,  and ht 

the  r eac t ion  rates i n f e r r e d  therefrom, concentrat ing pr imari ly  on 

rJ U 

d i rec t ions  2 corresponding t o  three-body e l a s t i c  s c a t t e r i n g ,  i. e. 

on d i r ec t ions  2 f o r  which no r 

t h i s  connection suppose the  s c a t t e r e d  p a r t  CP (+) of Yi (+I re a l l y  

remains f i n i t e  as r -+ a. I n  a$ 

i 

were everywhere outgoing a t  i n f i n i t y  i n  t h e  laboratory system. 

(2) Then, according t o  arguments which have been given elsewhere 

i n  the  laboratory system t h e  outward flow of p robab i l i t y  cu r ren t  

(+I) across  the  sphere a t  i n f i n i t y  should be (assoc ia ted  with 0 i 

where W is defined as i n  (45a) 5 and where the  su r face  element d s  

is  perpendicular  t o  2 and has  magnitude dS = r dz given by Eqs. 

( 8 9 ) .  

conf igura t ion  space formulation of s c a t t e r i n g  theory,  r eac t ion  

c o e f f i c i e n t s  are computed from t h e  p robab i l i t y  cur ren t  a t  i n f i n i t y .  

Thus, t o  be s u r e  t h a t  computation of the three-body e l a s t i c  

s c a t t e r i n g  rate does no t  involve divergent expressions,  i t  is 

necessary t h a t  along most d i r ec t ions  v 

N 
8 

A s  w a s  mentioned i n  Chapter 1, i n  the  time-independent 

d 

(117b) 
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',*. 

i n  t h e  su r face  i n t e g r a l  (117a) a t  i n f i n i t y  is  not bounded. 

i ng ly ,  t he  i n t e g r a l  f o r  diverges  as r + ~ 0 )  unless  (at' f ixed  l a r g e  r )  

the angular i n t e g r a t i o n s  over dv vanish; of course,  the  in t eg ra t ions  

over dv i n  (117a) could no t  vanish i f  Oi ('I r e a l l y  were evenywhere 

outgoing a t  i n f i n i t y ,  since then ( always would have 

the  same sign.  

Correspond- 

tw 

Iv 

Eq. (117b) would hold i f  Qi(+) (r;E) behaved asymptot ical ly  * 

a t  l a r g e  r l i k e  GF(')(r;r' ;E) [ r e c a l l  Eqs .  (go)] i .e.,  i f  
h. N d  

(+)(r ;E)  a t  l a rge  r represented th ree  p a r t i c l e s  moving f r e e l y  'i N 4 v  

(as  i f  under no forces)  outwards from the 

and from each o ther .  But Eq .  (55b) shows 

(+) is  t h a t  of a motion assoc ia ted  with @ 

outgoing s p h e r i c a l  wave ; correspondingly,  

i 

l abora tory  sys  t e m  o r i g i n  

the center  of mass 

plane wave, no t  an 

Wl ac tua l ly  decreases I,, 

no mote rapidly th 

be divergent see icle collisions I 
ons (1%) and ( 1 7 ~ ) ~  

t h i s  divergence of 

because(2):  ( i )  t he  divergence is  n t e r p r e t a b l e  phys ica l ly ,  and 

(more importantly) ( i i )  

can be wholly avoided by computing the  center  of mass frame 

p robab i l i t y  cu r ren t  f law 

manipulations with divergent  q u a n t i t i e s  

(118a) 
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I n  p a r t i c u l a r ,  i n  t h e  c i t e d  two-body r eac t ions  (17b) and (17c) 

when 2 -f m along d i r e c t i o n s  corresponding t o  breakup i n t o  
/v N 

th ree  p a r t i c l e s  l i k e  and 

(118b) 

which s u f f i c e s  t o  keep f i n i t e  the  t o t a l  s c a t t e r e d  cur ren t  flow 

across  t h e  sphere a t  i n f i n i t e  r, whose su r face  element dS is 

of order  r . -5 

On the  o the r  hand, f o r  c o l l i s i o n s  indnced by the  inc iden t  

wave .(21a), wherein a l l  t h ree  p a r t i c l e s  are i n i t i a l l y  f r e e ,  
- 

(+)(;;E) does not  behave asymptot ical ly  l i k e  EF(+) (j;;* ;E) ; 'i N 

correspondingly,  Eq.  (118b) does not  hold and use of (118a) 

genera l ly  does no t  avoid i n f i n i t e  p robab i l i t y  cur ren t  flows. 

f a c t ,  Eqs.  (61),  (68) and (72) make i t  obvious t h a t  si (+I generated 

Xn 

(+) possessing (+> - (+I - 
'23 ' '31 by (20) contains  cont r ibu t ions  s12 

plane wave f a c t o r s .  For such terms, (118b) fa i l s  

- r -5'2 [recall 

whereas l i m  8F(+)(E;;' ;E) as 

Eqs. (90) and (92) , the  corresponding l i m i t  of 

of order  - r along d i r e c t i o n s j  €0 

-+ ~0 along 3 is of order  
f l # u  r' w 

r becomes i n f i n i t e  with F* These cons idera t ions  i n d i c a t e  t h a t  a t  the  a6 '+) must be sub t r ac t ed  from i, (+I , 531 
(*I very least Z12 

before ther 
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- s(+) 
i b e  any hope of computing-via E q e  (118a), bu t  now using @ 

from Eq. (62) i n  p lace  of $i(+)-non-diverging cen te r  of mass 

frame s c a t t e r e d  cu r ren t  flows. 

Unfortunately ( a s  p a r t i c u l a r l y  subsect ion 4.1.3 will show) use 

of mis(+) i n s t e a d  of %i(+) i n  (118a) s t i l l  does n o t  e l imina te  a l l  

sources  of divergent  . To put  i t  d i f f e r e n t l y ,  i t  w i l l  be shown 

i n  subsec t ion  4.1.3 that-for  s h o r t  range fo rces  and d i r e c t i o n s  J 

corresponding t o  three-body elas t i c  scat ter ing-ai  (:;E) (u s t i l l  

i s  n o t  i d e n t i c a l  wi th  t h a t  p a r t  of Zi(+)(F;@ which as r + m along 

- 

(v 

- 

@s csr 

3 behaves l i k e  the  corresponding l i m i t  of EF(+)(i;z ;E) holding 2 
/J 

cons tan t ;  i t  i s  t h i s  [behaving l i k e  E (''1 p a r t  of mi (+I which i n  

- t(+). Note Chapter 1 was termed i t s  " t ru ly  three-body" p a r t  @ 

t h a t  the  foregoing d e f i n i t i o n  of - Q, t(+) is  no t  uniquely p r e s c r i p t i v e  i 

because i t  permits adding t o  [ o r  s u b t r a c t i n g  from] 5 t(') any p a r t  

of mit(+) which a t  i n f i n i t y  i s  n e g l i g i b l e  compared t o  p 

t h i s  indeterminateness i n  - Oi t(+) i s  inconsequent ia l ,  however, s i n c e  

terms n e g l i g i b l e  compared t o  -5'2 make no cont r ibu t ion  t o  (118a) 

F 

i 

i 
- -5/2, 

Y 

("1. rep laces  5 The d e f i n i t i o n  does r u l e  out  of i i [when 5 

5 t(+) any terms which a t  i n f i n i t y  i n  the  cen te r  of m a s s  frame 

decrease less rap id ly  than -5/2, o r  which are no t  everywhere 

outgoing [i.e. 

i 

which contain cont r ibu t ions  propor t iona l  t o  

i n s t e a d  of e ip6]e It is  understood, of course,  t h a t  f o r  a - i F 6  

crnr presen t  purposes-namely determining e l a s t i c  s c a t t e r i n g  

coeff ic ients-nothing need be s a i d  nor  has  been s a i d  about t he  

permit ted behavior of zt , (  1 along d i r e c t i o n s  = corresponding 

t o  keeping r A s  a matter of f a c t ,  recombination 

r eac t ions ,  e.g. (17a) ,  are " t r u l y  three-body"; moreover, when, e.g, 

- -  

f i n i t e  as r -+ m m  
aB cu 
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p a r t i c l e  1 can be bound t o  2 ,  

where a j  (i12) is  a number, and where K 

A t  i n f i n i t e  q t h e  r i g h t  s i d e  of (119) is proport ional  t o  P 

[recall E q .  (116b)l. However, because (119) dominates p 

is  defined by (114b). 12 j  
- -1 

129 
- -5/2 

only on t h a t  subspace of dS corresponding t o  f i n i t e  r 

con t r ibu t ion  of (119) t o $  of (118a) remains f i n i t e  [and can be 

the  t o t a l  
/v 12 ’ 

taken(*) t o  r ep resen t  the  flow of p r o b a b i l i t y  cu r ren t  corresponding 

t o  r eac t ions  such as (17a) l .  
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4.1 Divergences i n  Trans i t ion  Amplitudes 

This s e c t i o n  w i l l  sliow t h a t  ( i n  our  configurat ion space 

formulation) the  divergences encountered i n  t r a n s i t i o n  amplitudes 

t y p i c a l l y  are a s soc ia t ed  with f a i l u r e  t o  recognize t h e  implicat ions 

of t h e  above in t roduc t ion  t o  t h i s  chapter. Plore s p e c i f i c a l l y  

t h i s  s e c t i o n  provides f u r t h e r  i l l u s t r a t i o n s  of t he  p r i n k l p l e  

t h a t  tlie 6-functions (even i f  physical ly  i n t e r p r e t a b l e )  encountered 

i n  t h e  configurat ion space formulation of s c a t t e r i n g  theory are 

a s soc ia t ed  with improper mathematical manipulations e 

considered i n  t h i s  s ec t ion  are those appearing i n  t r a n s i t i o n  

amplitudes; i t  w i l l  be  seen t h a t  these &-functions general ly  are 

The 6-functions 

a consequence of an i n v a l i d  interchange of o rde r  05 i n t e g r a t i o n  

and l i m i t  r + i n  i n t e g r a l s  f o r  (Pi (+) - (Pi ( + ) $  o : ( + ) ~  etc., of t he  

(+I s o r t  discussed i n  s e c t i o n  3.1 i n  connection with i n t e g r a l s  f o r  G 

[e.g. E q .  ( 9 9 ) ]  ., F a i l u r e  t o  recognize t h a t  such interchange of 

order  of i n t e g r a t i o n  and l i m i t  r i- is i n v a l i d  t y p i c a l l y  l eads  

t o  i n c o r r e c t  assumptions about t h e  asymptotic behavior of t h e  

r e l evan t  s c a t t e r e d  p a r t s  [e .g , ,  of Oi ( + ) I ,  and thus t o  i n c o r r e c t  

computations of t he  s c a t t e r e d  cu r ren t  flow [e.g. of v i a  (117a) ] ~ 

I n  p a r t i c u l a r ,  subsect ion 4.1.3will  show t h a t  assuming Q, 

behaves l i k e  5"' (:;Gv ;E)leads t o  a divergent t r a n s i t i o n  amplitude, 

from which follows the (independently v e r i f i a b l e ,  see s e c t i o n  8.3) 

conclusion t h a t  CP 
- 

1 

&tu 

- t(+> 
i indeed cannot b e  i d e n t i c a l  with QI i 
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With the  in t roduct ion  t o  t h i s  chapter  i n  mind, consider t he  

asymptotic behavior of the i n t e g r a l  (52a), which is  the  s imples t  

expression w e  have found f o r  the s c a t t e r e d  p a r t  of Yi when the  

i n c i d e n t  wave is  (2 r ep resen t ing  t h r e e  i n i t i a l l y  f r e e  p a r t i c l e s .  

A s  has been d i scussed t in  s e c t i o n s  2.2 and A. 4 - A.51, the  i n t e g r a l  

(52a) i s  divergent  when two-body o r  three-body bound s ta tes  can 

occur, s o  t h a t  E q .  (52a) is  no t  expected t o  b e  a general ly  u s e f u l  

s t a r t i n g  po in t  f o r  determining t h e  asymptotic behavior of Q (+) 
e i 

(-1 * 
f Suppose, neve r the l e s s ,  Eq.  (100a) [which is v a l i d  providing Y 

i s  given by E q s  . (106) ] is employed i n  (52a) t o  i n f e r  

(120a) 

where t h e  l abora to ry  system t r a n s i t i o n  amplitude 

(-I* on k .  a n d k f  are and where the dependences of qi and Y 

s p e c i f i e d  by E q s .  (21 ).and ( l O O c ) ,  t oge the r  with (106). Then, as 

f Ier l  
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has been shotm p rev ious ly (2 ) ,  use of Eq. (120a) i n  (117a), 

t oge the r  with E q s .  (87) - (921 y i e l d s  

"R 
"Y 

(12 la) 

wherein t h e  (unphysical,  see below) laboratory s y s  tern three-body 

s c a t t e r i n g  c o e f f i c i e n t  

The energy-conserving 6(E 

merely as an a r t i f i c e ,  t o  p u t  (121b) i n t o  a 's imple form cons i s t en t  

with the r e s u l t s  of time-dependent s c a t t e r i n g  and the  "golden 

- Ei) f a c t o r  i s  employed i n  (121b) f 

rule";  t he  d i r e c t l y  der ived integrand of (121a) contains no 6 ( E  

(-)* i n  (120b) automatical ly  m a k e s  Ef = E and the  s p e c i f i c a t i o n  of Y 

The laboratory frame quan t i ty  w i n  Eqs. (121a) and (121b) should 

- Ei), f 

i" f 

be r e l a t e d  t o  the  observed s c a t t e r i n g  rate Q ,  defined beneath Eq. 

(2), by [see s e c t i o n  4.21 
e 

z (121c) 
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The form of Eq. (120a) seems cons is ten t  with the r e s u l t  

(117b) required f o r  f i n i t e  laboratory frame p robab i l i t y  cur ren t  

from (117a) . Actually is  i n f i n i t e ,  however (as expected 

from the in t roduct ion  t o  t h i s  chapter) because of the customary 

t o t a l  momentum-conserving &-function f a c t o r  occurring i n  laboratory 

system t r a n s i t i o n  amplitudes. S p e c i f i c a l l y ,  employing (33a) and 

(102b) the i n t e g r a l  (120b) reduces t o  

% -  

which, when i n s e r t e d  i n t o  (121a), causes t o  diverge by v i r t u e  of 

the  [6(I& - €&)I f a c t o r  under the  integrand.  Note t h a t  

remain f i n i t e  i f  merely 6 ( K  - K.)  ( r a t h e r  than i t s  square) appeared 

i n  the  integrand of 4121a); correspondingly,  w from (121b) 

made phys ica l ly  meaningful only by somehow r e i n t e r p r e t i n g  (and 

thus e l imina t ing)  one of the  6(5f - &) f a c t o r s  i n  IT(:, +,kf) I . 
Of course,  the f a c t  t h a t  T(Ei -3. lcf) contains  a momentum- 

2 

P f  N1 

can be 

2 

conserving 6-function f a c t o r  i s  g r a t i f y i n g  on phys ica l  grounds. 

Nevertheless ,  from the  s tandpoint  of t h i s  w W k v @  configurat ion 

space formulation of s c a t t e r i n g  theory,  t h i s  same f a c t  must be 

regarded as a s i g n a l  t h a t  the  computation of t he  labora tory  system 

t r a n s i t i o n  amplitude bas involved u n j u s t i f i e d  mathematical manipulations e 
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(+I I n  p a r t i c u l a r ,  the  a s s e r t i o n  i n  (120a) t h a t  l i m  Qi 

Q e" " F / p 4  is prima facie i n c o r r e c t  by v i r t u e  of (55b), as the  

in t roduc t ion  t o  t h i s  chapter  has discussed. Moreover, t o  de r ive  

the p a i r  of E q s .  (120) from E q .  (52a) i t  is  necessary t o  assume 

[compare Eq. (99)] 

(5) is  

Thus t he  interchange of o rde r  of i n t e g r a t i o n  and limit r -+ m i n  

(123) a l s o  m u s t  be i n c o r r e c t ,  as can be d i r e c t l y  v e r i f i e d  by 

comparing [as i n  t h e  case of (99) ]  'the contr ibut ions t o  the  l e f t  

s i d e  of (123) from the  regions r' < r and r '  > r as r -t ~0 [see 

s e c t i o n  C. 41. 

Similar  remarks [see s e c t i o n  C.41 p e r t a i n  t o  t h e  r e s u l t  f o r  

T(lci -+ IC ) i f - s t i l l  f o r  JIi of (2la)--Eqs. (90) together  with i n t e r -  

change of o rde r  of i n t e g r a t i o n  and l i m i t  r -f m are employed i n  

Eq. ( 4 2 )  ; i n  t h i s  fdia , one again obtains  (120a), b u t  now 

with 

h f  

As i n  (122), E q .  (124a) reduces t o  
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Tlie i n t e g r a l  (124a) has a 6(zf - Ei) f a c t o r  even though the  

i n t e g r a l  i n  ( 4 2 )  is  convergent a t  real  ene rg ie s  [recall s e c t i o n  

2.21. 

f a c t o r  whether o r  n o t  (52a) diverges ,  i . e . ,  whether o r  n o t  two- 

body o r  three-body bound states exis t .  

t r u e  (see subsect ion 4.1.4 below) t h a t  bound states produce 

a d d i t i o n a l  divergences i n  (120b), as well as i n  (124a). 

S imi l a r ly ,  the integral (1ZOb) contains  a ~ ( I c ~  - I< ) 4. 

On the  o the r  hand, i t  i s  
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4.1.2 Divergences Associated wi th  Two-Body S c a t t e r i n g  

The preceding subsec t ion  implies  t h a t  i f  w e  wish t o  c a l c u l a t e  

the r eac t ion  c o e f f i c i e n t  by means which are mathematically v a l i d  

and do n o t  in t roduce  divergent  express ions ,  w e  must n o t  make use 

of the expression (117a) f o r  the labora tory  system p robab i l i t y  

cu r ren t  flow. L e t  us examine, t he re fo re ,  the  p o s s i b i l i t y  of 

c a l c u l a t i n g  t h e  p robab i l i t y  cur ren t  flow i n  the  cen te r  of mass 

system, via  Eq. (118a) I n  p a r t i c u l a r ,  consider  the  asymptotic 

behavior of the i n t e g r a l  (52b),  which i s  the  cen te r  of m a s s  

analogue of (52a).  Then, as i n  subsec t ion  4.1.1,ignaring the 

bound s ta te  complications which make (52b) a dubious s t a r t i n g  p o i n t ,  

use i n  (52b) of t he  v a l i d  set of equat ions (102) and (106), together  

with 

y i e l d s  

where 

(126a) 
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and where C,(E) and 6 are defined as i n  E q s  e (102) 

using Eq.  (126a) in (118a) the  c e n t e r  of mass analogues of C q s .  

(121a) and (121b) are found t o  be 

Correspondingly, 
4-4 

(12 7a) 

(12 7b) 

where w is the  r eac t ion  c o e f f i c i e n t  introduced i n  E q s .  (1) and 

(2) 

I n  E q s ,  (12%) and ( 1 2 7 ~ ) ~  as i n  E q .  (121b), t h e  6-functions 
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merely are convenient a r t i f i c e s  f o r  p u t t i n g  the  f i n a l  r e s u l t  i n t o  

(-I* does no t  involve simple Eorm; moreover the  s p e c i f i c a t i o n  of F 
1: rvf’ 

contains no divergences,  3 and w given by (127) w i l l  b e  f i n i t e  and 

well-defined. 

propor t iona l  t o  6-functions whose arguments can vanish on t h e  energy- 

momentum s h e l l  E 

integrand of (127a) w i l l  contain terms proport ional  t o  the  squares 

of &-functions; correspondingly, w from (127b) o r  (127c) w i l l  n o t  

b e  physical ly  meaningful unless t he  s i n g u l a r  terms i n  the  integrand 

somehow can b e  r e i n t e r p r e t e d  s o  as t o  e l imina te  a l l  powers of 

&-functions h igher  than the  first.  

i n  -+ k ) a c t u a l l y  would make t h e  integrand of (127c) proport ional  

+ k ) is  independent of ftf o r  si; t o  [ & ( K  - IC.)] . However, ‘(Isi I.f 

.in f a c t ,  E q s .  (120b) and (126b) immediately imply 

f 
- 

and automatical ly  makes Ef = Eie Therefore,  i f  !f(lci +gf )  - 
On the  o t h e r  hand, i f  T(ki + A f )  contains terms 

c 

= E .  and Ef = &i, then w i l l  diverge because t h e  f 1 

Note t h a t  a f a c t o r  6(,Kf - gi) 

Nf 
3 

Nf N 1  

consis t e n t  with the  r e s u l t  (122) ~ ~ e ~ i o u s l y  deduced. 

A s  w a s  mentioned i n  t h e  in t roduct ion  t o  t h i s  chapter ,  t h i s  

subsect ion’s  procedure--namely c a l c u l a t i n g  the  p r o b a b i l i t y  cu r ren t  

flow i n  t h e  cen te r  of mass system--is mathematically v a l i d  f o r  two- 

body r e a c t i o n s ,  b u t  n o t  f o r  c o l l i s i o n s  ifiduced by the  i n c i d e n t  

wave (21a). To put  it d i f f e r e n t l y ,  T(k -f k ) from (126b) general ly  

i s  f r e e  from (on t h e  energy-momentum s h e l l )  divergences f o r  r eac t ions  
f4 hf 
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produced by two-body c o l l i s i o n s  even when these  c o l l i s i o n s  cause 

breakup (e.g. 

t h e  e l a s t i c  s c a t t e r i n g  o€ t h ree  i n i t i a l l y  f r e e  p a r t i c l e s ,  on the  

i o n i z a t i o n )  f o r  one of the i n c i d e n t  bodies(28) ; f o r  

I) 

1% 

where u (-)*(r [which does not  contain the  2.rr) -3'2 normalization 

f a c t o r  a t t ached  t o  u ( r  ) of Eqs .  (113)] obviously so lves  

C -12 

A.12 

b c 

(129b) 

and  r ep resen t s  s c a t t e r i n g  of p a r t i c l e s  P and 2 i n  t h e f r  own cen te r  

of mass system when ( i n  t h a t  c e n t e r  of mass system) t h e  i n c i d e n t  

e Then one sees t h a t  there  i s  a con t r ibu t ion  
-i21a€"512 plane wave is e 
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t a i  
L 

( 130 a) 

(130 c) 

(s12i -+ ~r. 4 2  f 
) is the  t r a n s i t i o n  amplitude representing where t12 

s c a t t e r i n g  of the co s f and 2 in 

of mass system, n u s ,  -Ear i n c i d e n t  waves (2 

T ( k -  &l * ]vkf) and T(bi -+ &I,  supposedly represent ing  three-body 

t r a n s i t i o n  amplitudes i n  the  cen te r  of mass and labora tory  frames 

respectively a c t u a l l y  contain a cont r ibu t ion  (130c) represent ing  

purely two-body e l a s t i c  scat ter ing--of  p a r t i c l e s  1 land 2 without  

i n t e r a c t i o n  w i  til 3 .; 

Is t he  q u a n t i t i e s  
- - 
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6-function i n  (130c) guarantees t h a t  t he  labora tory  v e l o c i t y  of t h e  

non-interact ing p a r t i c l e  3 indeed remains unal tered.  S imi la r  [ t o  

(13Oc)] cont r ibu t ions  t o  T(,ki + k 1, with similar i n t e r p r e t a t i o n s ,  k4f 

r e s u l t  of course from the  o the r  i n t e r a c t i o n s  i n  (126b9. 

Recal l ing t h e  d iscuss ion  i n  subsect ion 4.1.1, t h e  divergent  (on 

the  energy-momentum s h e l l )  d(,K12f - s12i) f a c t o r  i n  (130c) is a 

s i g n a l  t h a t  Eqs. (126) were der ived using improper mathematical 

manipulations. Correspondingly, the interchange of order  of 

i n t e g r a t i o n  and l i m i t  

v e r i f i e d  see s e c t i o n  C.4 e Nevertheless,  as has  j u s t  been seen--and 

as i n  t h e  case of t he  momentum-conserving 6 ( K  f a c t o r  discussed 

i n  t h e  preceding subsection--the divergent  term (130~) i s - r e a d i l y  

+ QD i n  (125) must be wrong, as can be d i r e c t l y  

[ 1 
- K ,.f w i  

i n t e r p r e t a b l e  phys ica l ly .  I po in t  ou t  t h a t  t he  above conclusion-- 

namely t h a t  !?(5i -+ Isf) contains  cont r ibu t ions  represent ing  a s i n g l e  

purely two-body scattering--was based s o l e l y  on the form of t h e  

cont r ibu t ion  (130c) t o  (126b). But (126b) has  been der ived from 

the  admittedly not  always v a l i d  formula (52b) f o r  5i(+); it would have 

been p re fe rab le  t o  ob ta in  T(Si +ilcf) from an always l eg i t ima te  formula 

f o r  si 
of (61). 

obvious t h a t  T(k + 

contribution--s temming f xom the  z,, (+) term i n  si(+)--representing 

(+I , i.e., from (69) supplemented by the  cen te r  of mass vers ion  

However, s t a r t i n g  i n  t h i s  l a t te r  fashion,  i t  is  immediately 

defined as i n  (l26a) must contain a 
1.a i 

t h e  s i n g l e  purely two-body s c a t t e r i n g  of 1 and 2. Furthermore, 



E q s .  ( 6 3 )  and ( 7 2 )  shorjr e x p l i c i t l y  t h a t  t he  a s s e r t i o n  l i m  5 ("(r) i 
% 

/ p 5 j 2  [ i n  (126a)l i s  prima f a c i e  i n c o r r e c t ,  and t h a t  a - - 

(+I con t r ibu t ion  t o  ?(IC. +if) i s  
12 c - i  

- K ) f a c t o r  i n  t h e  5 6(:12f m12i 

t o  be expected, Al te rna t ive ly  if-ignoring t h e  accurate r e s u l t  

( 7 2 )  f o r  o12 (+)--one starts from t h e  admittedly no t  always co r rec t  

e E q s .  (60) o r  (105d)l analogue of (52b) 

and then employs the  analogue of Eq .  (102a) [ i ,e .  E q s .  (105), 

i n  effect]  a f te r  performing the interchange i~ 

one f i n d s  

3 -  

8 with E q .  (130a), one sees t h a t  t h e  con t r ibu t ion  t o  

(+) is  p r e c i s e l y  T(k. -t k a )  stemming from t h e  ?12 (+I t e r m  i n  5 d &a- & f  

131 

the con t r ibu t ion  (130c) previously obtained and in t e rp re t ed .  More- 

over t he  con t r ibu t ion  t o  the  f n t e g r a l  (131a) from ;' > ?- is  n o t  

n e g l i g i b l e  compared t o  - [see s e c t i o n  C . 4 1  s o  t h a t  

t he  interchange of o rde r  of i n t e g r a t i o n  and l i m i t  3 + w i n  (131a) 

r e a l l y  i s  u n j u s t i f i e d .  

- - 5 / 2  2: ; -512 

The foregoing discussion [ e spec ia l ly  i n  t h e  last  
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relevant a l s o  t o  the expression f o r  ?$i + lcf) obtained from (un jus t i f i ed )  

employment of ( 3 0 )  i n  the  center  of mass system version of ( 4 2 )  ; 

t h i s  procedure again y i e l d s  (126a) b u t  with 

E q s .  (124) and (131c) are cons i s t en t  with Eq. (128). Replacing 

(+I - (+) and using the  V i n t e r a c t i o n ,  -,.(+I 1 i n  ( 1 3 1 ~ )  by F12 = $i + 512 1 2  

once more y i e l d s  the two-body cont r ibu t ion  ( 1 3 0 ~ )  t o  "',ki + i f ) .  

I f  t h e  f a c t  t h a t  "(hi + lcf) given by (131c) is d ivergent  is 

overlooked, and i f  (52b) o t h e  c e n t e r  of mass analogue of (514 is  

employed i n  ( 1 3 1 ~ )  d e s p i t e  t he  f a c t  t h a t  (52b) and (51c) f a i l  when 

two-body bound states e x i s t ,  then 

(131d) 

where T(E) is the  opera tor  def ined by the  c e n t e r  of mass analogue of 

(5) .  

with similar i n a t t e n t i o n  t o  ques t ions  of mathematical val idi ty-- the 

rcd 

Eq. (131d) (but  with Ef rep lac ing  Ei) a l s o  follows from subs t i tu t ing- -  

of mass analogue of (100b) i n  (12Sb), ~ 1 t ~ o u g h  (131d) is 

q u i t e  commonly employed, t h e  foregoing remarks and the  e n t i r e  contents  

of t h i s  s e c t i o n  4.1 make it apparent that--fo th ree  i n d e ~ @ n d ~ n t l y  

inc iden t  p a r t i c l e s  descr ibed by qi of Eq. (21  )--the seeming connection 

(131d) between the  matr ix  element < 'Is(@ I i > and Che asymptotic 

behavior of ai(+)(?) a t  Parge $ [recall Eq. (126a) and its d i f f i c u l t i e s ]  
# bw\ 
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has no real mathematical or physical ~ ~ ~ ~ i f i ~ a t i o n ~  On the other hand, 

) of (f3C)e) it is 12f ransition amplitude tr2(lclai + 

cally j u s t f f i  

(131f) la, cpl 

and g is the two-particle Green's funct on, defined as in (75) ; 12 

eal ly  is true that as +- along the di 12 

212f E k12 212-9 

% -  - a s -  

c ' (131h) 
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fc1e analogue of 

( 5 1 ~ ) .  Note that the t term on the right s i d e  of (13ff) which 

term has been denoted by Jla i n  (131h), is not identical  with 

operates i n  only 
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4.1.3 Divergences After Subt rac t ion  of Two-Body Terms 

The r e s u l t s  of t h e  preceding subsect ion imply that--whether o 

not  divergent ,  i .e . ,  wheeher or  not  bound states occur--the i n t e g r a l s  

(52) are an unsui tab le  s t a r t i n g  poin t  f o r  mathematically unobjectionable 

de r iva t ions  of f~rmaJ. expressions for t h e  three-body amplitudes T($i + 5,) 
o r  ?(lei + kf).  S imi la r ly ,  Eq. (42) and its cen te r  of mass version-- 

though general ly  convergent whether o r  no t  bound states exist--also 

have been found to  be mathematically unsui tab le  s t a r t i n g  poin ts  f o r  

der iv ing  matrix elements of T o r  T. 1”. 

non-divergent expressions f o r  < f l 5 l i  > r  the  purely two-body s i n g l e  

s c a t t e r i n g  p a r t s  of - (Di (+) apparent ly  must be subt rac ted  away at  t h e  

very ou t se t ,  before  taking the l i m i t  r -+ = (as foreshadowed i n  the  

in t roduct ion  t o  t h i s  chapter) .  Therefore, I now s h a l l  examine the 

cont r ibu t ions  t o  T B i  -+ lcf) and T(ki + k+) obtained from the  asymptotic 

To have any hope of der iv ing  
r 

rrrr 

behavior of (Di *(+) and zi8(+), spec i f i ed  by Eqsl (67c) and (69) 

respect ively.  In  any event ,  the s t a r t i n g  poin t  (69)--taken together  
with Eq. (72) and the  cen te r  of mass vers ion  of (61)--has t h e  v i r t u e  

t h a t  i t  provides a s p e c i f i c a t i o n  of si(+)(%) free from divergences 

or ambiguities.  
I*I 

I n  Eq, (691,  assume t h a t  

(133a) 
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.where 

S imi la r ly ,  interchanging order  of i n t e g r a t i o n  and l i m i t  2 + 00 i n  

(67c) y i e l d s  

where TS tu rns  out  t o  obey 

(133b) 

(134a) 

(134b) 

cons i s t en t  with Eq. (128). 

I n  view of the preceding two subsec t ions ,  t he  momentum-conserving 

- K ) i n  Ts(ii + ,kf) i s  t o  be expected from Eq. (68), and b(Ef I v i  

r equi res  no f u r t h e r  discussion.  On t h e  o the r  hand, t he re  are no 

immediately obvious reasons why the asymptotic behavior of (Pi 

fjcom (69) should be  incons i s t en t  with (133a). Nevertheless t h e  

i n t e g r a l  (133b) a l s o  i s  divergent .  I n  f a c t  [ s ee  sec t ion  B.21, t h e  

r i g h t  s i d e  of (133b) contains  cont r ibu t ions  propor t iona l  t o  

= - s(+) 
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- 
i 2 ( l35a)  

and cycPic permutations $hereof, Usfng Eqs, (29) and t h e  r e l a t i o n  

Ki = K the  expression ( l35a)  takes  the fom &f 

( l35b) 

wherein the  argument of the  &-function obvfously can be zero on the  

energy-momentum s h a l l .  Consequently fie cont r ibu t ion  t o  (133b 

made by (135a)--when squared in E q s .  ( 1 2 9 )  a f t e r  rep lac ing  T by TS-- 
again causes ;j and 

.sp 

t o  diverge,  although the  divergence is  of 

lower order  with t h e  one-dimensional 6-function (135a) than with 

the  three-dimensional 6-function contr ibuteon ( 8 3 0 ~ )  t o  T(ki + 
la 

Judging by our  earlier experience i n  t h i s  chapter ,  I t he re fo re ,  

the a s s e r t i o n  i n  (P33ea) that l-dm z4") is eiFJE/p5/a m u s t  be  

inco r rec t ,  I n  Pact, %t 4s shown i n  sec t fon  E , 3  t h a t  t he re  are 
- -2 0 s(9)(r) behaving l i k e  p as 6 + Correspondingly cont r ibu t ions  t o  5 f. rn 

see s e c t i o n  E.21 i t  can be demonstrated t h a t  t h e  cont r ibu t ion  

t o  the  i n t e g r a l  on t h e  l e f t  s i d e  of (132) from the  region 2' > g. 

is non-negligible compared $0 p Thus (as the r e s u l t  of s ec t ion  

- 
-, -5/2 

?: 



3.36 

E. 3 confirms) the  subtraction--of terms from ?i(f)--yielding 

5 '(+) is  n o t  y e t  s u f f i c i e n t  t o  permit in te rchange  of order  of 

i n t e g r a t i o n  and limit 3 -p m i n  (132), although the  r' > r 
cont r ibu t ion  t o  the  l e f t  s i d e  of (132) is smaller than the  corresponding 

cont r ibu t ion  t o  the  l e f t  s i d e  of (125) gcompare the  r e s u l t s  of 

s e c t i o n s  E. 2 - E. 3 cind C. 41 e 

these  r e s u l t s  [of  s ec t ions  E , 2  and E.31 ho ld  whether o r  no t  bound 

states e x i s  t 

i 

It is a d d i t i o n a l l y  noteworthy t h a t  

Moreover, s till cons i s t en t  with our previous experience the  

r e s u l t  (135a) i s  i c a l l y  i n t e r p r e t a b l e ,  The p a r t i c u l a r  6-function 

(135a) arises i n  the  con t r ibu t ion  t o  (313313) made by the  term 

'+I; more s p e c i f i c a l l y  c 
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(137b) 

where, for our  present  purely i n t e  retative p u ~ p o s e s ,  interchange of 

order  of i n t e g r a t i o n  and l i m i t  E + 0 i n  (137a) is pe s s i b l e ,  The 

matr ix  element (137b) is e x p l i c i t l y  discussed on p. 59 of Wa 

and N ~ t t a l l ' ~ ) ,  and obv 

diagram [ see  also s e c t i o n  5.3 below] 

t o  a diagram wherein t h e r e  is f i r s t  a purely two-body s c a t t e r i n g  of 

p a r t i c l e s  1 and 2 ( t h e  f a c t o r  z12) 
p ~ o p a g ~ t i o ~  ( the  f a c t o r  ?$) and then a second f i n a l  purely 

s c a t t e r i n g  of p a r t i c l e s  2 and 3 ,  

ly is K e p r e ~ e ~ t ~  e by a double ~ ~ ~ t ~ @ r i n g  

To be p rec i se ,  (l37b) corresponds 

followed by a period of 

i f y  the  conclusion t h  

u t ions  t o  5;") (9 which--bec 

This  conclusion is r e i n f s  9 
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ing no role, ich 

Since the f i r s t  scattering i s  an e l a s t i c  co l l i s ion  between P and 2 ,  
I---- _ _ _  _ _  - - -  - . -- __ _______ ---------- 7 

using With the definition (29d) of lcI2$ Eq. can be 

put i n  the form 
b I *. ' 

But since particle  P is affected i n  the 
_ -  

am 
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” . . 

35b), which in  tu 

_ _  -- - -. - _ -  -* 

Similar results  ( to  those already discussed) pertain also to  

derivations of Ts(lci -t $f) or TS(bi + lcf) from (134a) or (133a) 

s(+) or 5 s(+) respectively, start ing from the expressions for Q i i 

given by (84c) or its center of mass analogue, In particular, one 

- thus finds 
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while  Ts(k. + k ) is  given by the  labora tory  system analogue of 

(140) and obeys (134b). Eq. (140) obviously is the time-reversed 

m l  u f  

analogue of (133b), and equal ly  obviously s u f f e r s  from the  same 

deficiencies-- i .e . ,  contains  the same double-scattering divergences-- 

I now observe t h a t  t h e  on-shell  &-functions discussed i n  t h i s  

subsect ion,  and i n  subsect ions 4.1.1 - 4-6,1u2, i l l u  aPP9ara 

to  be a general  r e l a t i o n  between t h e  asymptotic behavior of any 

dimensionality of t h e  &-function i n  t h e  cont r ibu t ion  t h i s  same 

p a r t  makes t o  the  labora tory  o r  cen te r  of mass s c a t t e r i n g  amplitude. 

S p e c i f i c a l l y ,  as r -t m along d i r ec t ions  2f # 2a6, i .e.,  along 

d i r ec t ions  2f not  corresponding t o  the p o s s i b i l i t y  of propagation 

i n  bound states: 

N 

(a) - 012 ('I(;), cf .  Eq. (72) decreases l i k e  
/cI 

(+I - -1 2: - -1 412 (z12), i .e. ,  l i k e  r - P , and the  assoc ia ted  cont r ibu t ion  

t o  ff(lci -+ lcf) contains  the  three-dimensional &-function 6 c12f - ,K12i) 

[ r e c a l l  the  discussion preceding and following Eqs e (131) ; (b) 

t he  laboratcrry frame a12 ( + ) l r  N 12 ) sti l l  decreases l i k e  c $ ~ ~  (+I(, w12 1, 

i.e., l i k e  r - 
contains  a six-dimenhional 6-function 

mul t ip l i ed  by &(K - I< ) ; (c)  according t o  s e c t i o n  E.3, t he re  

'(+)(r) decreasing l i k e  P are p a r t s  of 5 

apparent ly  give rise t o  the  one-dimensional &-functions (135) 

, and the  assoc ia ted  cont r ibu t ion  t o  T(k + k f )  ei 
-1 'L p-l 

namely 6 (K *12f - $121) 

Nf 

- -2 , and these  p a r t s  i 

contained i n  ffS (,ki -+ Icf) . 
Evidently i n  t h e  laboratory frame the  r u l e  is:.' 

% +  O0 I I Zf + Zafi: art of q f ) ( r )  ugrJer 

decreases l i k e  p x J ? ; P p 4 ,  Where x 
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cont r ibu t ion  t o  T(ki + hf) contains a 6-function of dimensionality 

x. S imi la r ly ,  i n  t he  center  of mass frame, if 8s 2 + 0s I I 
t h e  p a r t  of (+)(i) under considerat ion decreases l i k e  p p 

where y i s  an i n t e g e r  - > 0 ,  then the  assoc ia ted  cont r ibu t ion  t o  ?(lei + ,ks) 
contains  a 6-function of dimensionality y. 

, y / 2  - -512 
i 9 

Of course,  because (55b) 

holds  the  S-f unction dimensional i t ies  assoc ia ted  with corresponding 

values  of x and y are r e l a t e d  by x e: y + 3.  Moreover, t hese  rules 

can be understood. 

Yi(+)<rJ normally would be expected t o  diverge l i k e  an outgoing 

s p h e r i c a l  wave i n  n ine  dimensions, i .e.,  l i k e  GF (+) (* r ; r ' ) ,  .Nr which is  

of order  p 

along v 

symmetries i n  the  i n t e r a c t i o n  V ,  however, a l l  or p a r t s  of 4p ("(2) may 

no t  be  ab le  t o  diverge i n  a f u l l y  nine-diinentkional fashion along a l l  

Along d i r ec t ions  zf Sa iUB, t h e  s c a t t e r e d  p a r t  of 

-4 at  l a rge  r. The amplitude with which Oi(+)(f) diverges 

is  measured by TQi + l f )  of Eqs .  (2aO). Because of s p e c i a l  

i 

4 

. These i n a b i l i t i e s  mean Qi(+)(r)  o r  p a r t s  thereof are being 

forced t o  diverge i n  a r e s t r i c t e d  space of less than nine dimensions, 

i .e.  

asymptot ical ly  l i k e  p x'2p-4, where x is an i n t e g e r  - > 0, and where x > 0 

Xf + 2(.& & 

t h a t  Qi(+) ( E )  o r  p a r t s  thereof  ac tua l ly  w i l l  decrease 

corresponds t o  r e s t r i c t e d  propagation i n  t h e  sense  j u s t  described. 

Correspondingly, f o r  Q (+) ( r )  o r  p a r t s  thereof with x > 0 ,  pos tu l a t ing  

(120a) is  wrong; t h e  r e s u l t a n t  &-functions i n  TQi + .?sf) r e f l e c t  t he  

f a i l u r e  of (120a), as has been discussed,  b u t  a l s o  express t h e  x 

independent aforementioned r e s t r i c t i o n s  on t he  d i r e c t i o n s  yf i n t o  whi 

f o r  given ~ ~ - - 4 ~ ( + )  (2) or p a r t s  thereof can propagate. For example 

i w  

fact  t h a t  V is independent of 2 means Oi(') (f) has a f a c t o r  

e 
%i*& 

so t h a t  no p a r t  of Oi(+)(f) can be diverging i n  a space of 
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more than s i x  dimensions ( t h e  space of r Z r 

(+I ( r) - the  I t  t r u l y  " three-b ody s c a t t e d  

i . e . ,  even 
Ib &12$ 8 1 2 ) '  

a r t  of ~1 (+I (r)-- @i  # i .%a 

decreases asymptotically no more r ap id ly  than correspondingly 

even the  t r u l y  three-body s c a t t e r i n g  amplitude 91 (k .  +kf )  w i l l  

have t h e  three-dimensional 6 (IC a IC. ) f a c t o r  required by (128) 

which f a c t o r  a l s o  expresses the  f a c t  t h a t  CP ' (+)(r) a c t u a l l y  i s  

propagating t o  i n f i n i t y  only along d i r e c t i o n s  xf cons i s t en t  with 

the  t h r e e  independent requirements IC = I<. The 

cen te r  of mass frame r u l e  c i t e d  above i s  s i m i l a r l y  understood. 

t 
-1 

A4f /ul 

i M 

kf c u 1  

The considerat ions of t h i s  paragraph make i t  q u i t e  clear that 

the complicated ana lys i s  i n  s e c t i o n  E . 3  is b a s i c a l l y  c o r r e c t ,  i . e . ,  

i t  now i s  q u i t e  clear t h a t  t he  presence of the  one-dimensional 

6-functicns (135) deduced i n  s e c t i o n  B.2 n u s t  be associated with 

'(+) (2) behaving asymptotically the  ex i s t ence  of contr ibut ions t o  4, 

l i k e  -2. 

M i 
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4.1.4 Divergences Associated with Bound States 

I n  add i t ion  t o  the  on-shell &-functions which have been 

d i s  cussed the  amplitudes and T given r e spec t ive ly  by E q s .  

(120) and (126) contain o f f - she l l  &-functions when two-body 

bound states e x i s t .  These o f f - s h e l l  6-functions i n  T and T have 

e s s e n t i a l l y  the  same form as those he.g., Eq. (47) 1 oeaurr ing i n  

E q s .  (52) and t h e i r  presence i n  the i n t e g r a l s  (120b) and (126b) 

is demonstrated via  e s s e n t i a l l y  the  same argument as w a s  employed 

[ i n  s e c t i o n s  A.4 - A.61 f o r  Eqs. (52). For example, because 

(-)*(r') i n  (120b)--like G(+) (r;g') II i n  (52a)--can contain a term yf AI ~ _ -  

')/P'5'2, t h e  V12 term i n  (120b) i p ' c  
J y (512 propor t iona l  t o  e 

contains a con t r ibu t ion  behaving l i k e  [see s e c t i o n  A. 41 

- 
(141a) 

when t h e r e  is a bound s ta te  u . ( r  

1 and 2 can combine during the c o l l i s i o n .  The corresponding 

con t r ibu t ion  t o  (126b) i s  propor t iona l  t o  [see s e c t i o n  A.61 

) of energy E i n t o  which p a r t i c l e s  
J p12 5 

(141b) 

where Eq.  (114b) def ines  IClzjf i n  terms of 2 the  6-function (141b) f P  
i s  the r e s u l t  t o  w h i c h  (141a) reduces [except f o r  constant  f a c t o r s ]  
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when I< 

T o r  T arise from the  asymptotic behavior of (Pi 

l a rge  d i s t ances ,  and the re fo re  are assoc ia ted  only with those bound 

is  set equal  t o  si. I n o t e  t h a t  these  6-function cont r ibu t ions  t o  /uf 
(+I or 5 (+I at 

i 

states uj(zaB) which ac tua l ly  can be formed during the  c o l l i s i o n  

of t h ree  i n i t i a l l y  f r e e  p a r t i c l e s ;  i n  Eq.  (52a), on t h e  o t h e r  hand, 

&-functions are assoc ia ted  with a l l  poss ib le  bound states of the  

th ree -pa r t i c l e  system, because a l l  such bound states are present  

i n  the  asymptotic l i m i t  of G(+)(r;r ' )  a t  l a r g e  5'. For example, 

because energy-momentum conservation prevents t h ree  i n i t i a l l y  f r e e  

A N  

particles from combining i n t o  a three-body u. (-rlz, ,r23), the  ex is tence  

of three-body states does n o t  cause (120b) t o  diverge,  though such 

states do produce divergences i n  (52a) [see s e c t i o n  C.51. 

J 

\ 

The presence of the divergences (141a) o r  (141b) has  the  usual  P 

s ign i f i cance ,  namely t h a t  E q s  . (123) o r  (125) respec t ive ly  must ~ 

be inva l id .  I n  p a r t i c u l a r  [see s e c t i o n  C.51, the  6-functions 

(141a) i n d i c a t e  {hat a t  l a r g e  r t h e  i n t e g r a l  on the  l e f t  s i d e  of 

(123) has  non-negligible contributions--compared t o  r 

bound state propagation i n  t h e  region r' > r alongL12' (where 

r ' remains f i n i t e  as r' + w),  much as i n  t h e  analogous i n t e g r a l  

on the  l e f t  s i d e  of (99) [where r" + along s12119 recall s e c t i o n  

C . 1 1  e Of course,  these  cont r ibu t ions  t o  the  l e f t  s i d e  of (123) 

-4 --from 

12 

from r' 41 w along v 

-4 the  cont r ibu t ions  dominating r 

v v  t o  which w e  ascr ibed the  f a i l u r e s  of (123) discussed i n  the  & '  
preceding subsect ions.  Moreover, as (by n9w) is  t o  be expected, 

t h e  &-functions s igna l ing  the  f a i l u r e s  of (123) o r  (125) due t o  

bound states are r ead i ly  i n t e r p r e t a b l e .  For ins tance  the  6-function 

(141b) corresponds t o  conservation of t he  energy of p a r t i c l e  3 

' are i n  add i t ion  t p - a n d  i n  no way negate-- N12 

from r' -+ w along a r b i t r a r y  d i r ec t ions  

._ 
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- -  
relative t o  an observer moving with the  center  of mass of t he  e n t i r e  

system, as is physical ly  reasonable f o r  a cont r ibu t ion  t o  t h e  V12 

term i n  (12Gb) assoc ia ted  with formation of the  bound s ta te  u.  ( A ~ ~ )  

4 

J 

Nevertheless desp i t e  t h l s  p o s s i b i l i t y  of i n t e r p r e t a t i o n ,  i t  

is  doubtful  t h a t  t he  6-functions (141) occurr ing i n  (120) and (126) 

have any phys ica l  s ign i f i cance  whatsoever. 

the 6-functions (141) with those discussed i n  subsect ions 

4 ,1 .3 ,  Admittedly the  6-functions i n  subsect ions 485%.l - 4.1.3, l i k e  

the  6-functions of t h i s  subsect ion,  are encountered i n  the conf igura t ion  

I now a m  con t r a s t ing  

space formulation of s c a t t e r i n g  theory under present considerat ion 

s o l e l y  because i n v a l i d  mathematical manipulations have been performed. 

6 should be 

Png ~ o n - c o n ~ @ ~ g  t e ly  urg@nt 

Moreover, the  s t e p s  which mus't be taken to avoid the 6-functions 
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of subsect ions 4.1.1 - 4.1,3 are 

s i g n i f i c a n t  e S e e t i  1 implies  t h a t  t h e  p robab i l i t y  cur ren t  

flow must be computed i n  the  center  of mass frame; sec t ion ,42 fez  

means t h a t  two-body s c a t t e r i n g  terms must be subt rac ted  from (hi 

before  the  computation of the  three-body s c a t t e r e d  cu r ren t  flow 

is i n i t i a t e d ;  and s e c t i o n  t h a t  i t  w i l l  be  necessary t o  

i n i t i a l l y  s u b t r a c t  from si (+I c e r t a i n  double-scattering terms as 

w e l l .  The &-functions of t h i s  subsec t ion ,  on the  o the r  hand, are 

el iminated without any sub t r a c t i o n  merely by s t a r t i n g  from t h e  

- (+) implied by (61) and (69), i n s t ead  of-- i iterated formula f o r  

as here tofore  i n  t h i s  section--from the  formula (52b). 

s t a r t  from (61) and (69), b u t  use the  formula 

hysically as well as mathematically 

- (+I 

More p rec i se ly ,  

i n  p lace  of the known closed form r e s u l t  f o r  Zl2 (+I given by (72) 

Then8performing on a l l  i n t e g r a l s  i n  t h e  f o m b  f o r  Oi (+) t he  usua l  

i n v a l i d  interchange of order  of i n t e g r a t i o n  and l i m i t  r -+ one 

again obtains  (126a), b u t  now with 
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where FS(lci -f if) is given by (133b) 

though of course s t i l l  containing the 6-functions discussed i n  

subsect ion 4.L5 has  no &-functions of the  type (141b) assoc ia ted  

with bound states. 

Section B.2 shows t h a t  (113b) 

S imi la r ly ,  t he  o the r  terms on the  r i g h t  s i d e  

of (143) contain no &-functions associated with bound states; 

i n  f a c t ,  r e c a l l i n g  Eqs. (105) one sees t h a t ,  e .g . ,  t h e  quant i ty  

def ined by (130a) d evaluated i n  (130c) fwhich obviously contains 

no 6-functions of type (141b)l is  i d e n t i c a l  with the  quant i ty  

- (-'*I7 3; on the  r i g h t  s i d e  of (143). I Sect ion E.2 shows t h a t  *12€ 12 2 

bound state propagation does no t  i n v a l i d a t e  Eq. (1321% cons i s t en t  

with t h e  absence of bound s ta te  &-function divergences i n  (133b). 

I stress t h a t  t he  preceding two paragraphs do not  mean t h a t  

the presence of these  &-functions (141) i n  (120b) and (126b) is 

wholly inconsequent ia l .  As ~ u b ~ e ~ ~ ~ o ~  4,1.-A :together 

i l l u s t r a t e ,  i t  may be easier t o  take account of some on-shell  6- 

funct ions than of the  o f f - she l l  6-fvnctions (141), which [ i f  the  

on-shell  divergences weQe no t  present ]  would cause t h e  i n t e g r a l s  

(120b) and (126b3 t o  be o s c i l l a t o r y .  I n  p a r t i c u l a r ,  approximate 

estimates of F, *- can be constructed 

(126b) so as t o  obtain ~ ~ ~ ~ x i ~ ~ e  est 

- -  - - __ .  . - -1 
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t o  imply that the exact 

__._ - 

of 5, '(+)--do no t  have s i n g u l a r i t i e s  (as funct ions 

i h e  arguments of t he  6-functions (141b) vanish.  I maEely a m  i n s i s t i n g  

t h a t  the presence of of f - she l l  s i n g u l a r i t i e s  cannot be i n f e r r e d  

l eg i t ima te ly  from o s c i l l a t o r y  (i.e., mathematically undefined) on- 

s h e l l  i n t e g r a l s  f o r  T(k +- IC,) It is  necessary t o  s ta r t  with a 
#vi. 

convergent i n t e g r a l  [e.g., Tt(k + IC,) o r  TS(€ci +- s f )  with the  "ci 
double-scat ter ing cont r ibu t ions  (135) subt rac ted  out] .  The analgttic 

cont inuat ion of this o r i g i n a l l y  convergent i n t e g r a l  w e l l  might 

= IC * on t h e  o the r  hand there  is no 1 2 i  ' have s i n g u l a r i t i e s  a t  K12j 

reason t o  think these now l eg i t ima te ly  i n f e r r e d  s i n g u l a r i t i e s  a t  

i f  a c t u a l l y  found t o  e x i s t ,  would be of the &-function %2jf = K 1 2 i '  
(141b) type.  

It is worth not ing  t h a t  the o f f - she l l  6-functions w e  have been 

d iscuss ing  show up i n  t h e  expression (124a) f o r  T(k. even 

though such 6-functions do not  appear i n  the  real energy Lippmann- 

Schwinger i n t e g r a l  equat ion (42) from which (124a) is derived. 

U L  ' k f )  

Correspondingly, bound state propagation i n v a l i d a t e s  the interchange 

of order  of i i t e g r a t i o n  and l i m i t  r -+ m I I zf i n  the  i n t e g r a l  on 

the r i g h t  s i d e  of Eq. (42),  even though (42)--ualike (52a)--is 
* 

convergent; s p e c i f i c a l l y ,  a t  l a r g e  r the  i n t e g r a l  (42)  has contr ibut ions 

of order  1: = p -4  %I -4 from bound state propagation i n  the  in t eg ra t ion  
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rcgion 

t o  the  

I 

t' > r, as shown i n  s e c t i o n  C.5. 

expression (131) f o r  %(lei .+ bf) e 

conclude t h i s  subsect ion w i t h  some remarks stemming from the  

S imi la r  comments p e r t a i n  

r e l a t i o n  (131d). Although t h e  argument leading t o  (131d) is unsa t i s fac tory  

[as has been explained],  never the less  t h e  r e s u l t s  of t h i s  e n t i r e  

s ec t ion  4.1 probably are re levant  t o  the  physical  s ign i f i cance  of 

f I z ( 1 )  li > and the  6-functions contained the re in ,  when i, f each denote 

- center  of mass plane wave states, and when 1 equals  one o r  both of Ei, 
Ef 

k- . - '  

the  considerat ions of this p a r t i c u l a r  subsect ion 4.1.4 relate t o  t h e  

bound state. s i n g u l a r i t i e s  found by 1 Rubin e t  al. ('I, who f i n  the s p e c i a l  

case of Yukawa i n t e r a c t i o n s  V 

x' f o r  f ixed  assigned phys ica l  values of the vec tors  

and Y = (2maA) 

respec t ive ly .  

1 examine < f ( T ( i ) ( i  > as a funct ion of aB cv 
-1/2k 

?ai = (2ma') p a i  - -1/2k raf assoc ia ted  with the i ,  f plane waves ,af 1 

; 
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4.2 Volume Dependence of Reaction Rates 

Eqs. (2) and (121c) imply t h a t  w defined by Eq. (121a) and w 
defined by Eq. (127a) are r e l a t e d  by 

where T i s  the l a rge  volume wi th in  which the three-body s c a t t e r i n g  

of present  i n t e r e s t  i s  taking place.  That t he  r a t i o  w / i  must be 

a quant i ty  having the  dimensions of volume can be seen simply from 

comparison of the r i g h t  s i d e s  of Eqs. (117a) and (118a). The 

quant i ty  i s  def ined via Green's Theorem i n  the  center  of m a s s  

space i n  complete analogy (I6) with Eqs. ( 5 ) ,  and therefore  has 

the same dimensions as) ( s ince  the  cen te r  of m a s s  k i n e t i c  energy 

operator ;  T has the  same dimensions as E ; however the  laborarlbory 

system su r face  element a t  i n f i n i t y  dS is eight-dimensional i n  

the present  t h ree -pa r t i c l e  problem, whereas dS is  merely f ive -  

dimensional. The p a r t i c u l a r  r e l a t i o n  (144) i s  obtained from an 

argument given previously(2) .  From Eq. (1281, 

But, as pointed out  beneath Eq. (122) t o  make w phys ica l ly  

meaningful, one of the &-functions i n  (145a) m u s t  be e l iminated,  

re ly v i a  some r e i n t e r p r e t a t i o n  of &(Ef - fsi) e A n a t u r a l  

r e i n t e r p r e t a t i o n  is 
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a 

e a 

(146b) 

Using (145) as r e in t e rp re t ed  by (146b) i n  (12lb) ,  and comparing with 

(127c) y i e l d s  (144) 

Actual ly ,  because of the  on-shell  divergences discussed i n  

s ubse c t  ions 

phys ica l ly  meaningful the  q u a n t i t i e s  w and w of Eqs. (121b) and ( 1 2 7 ~ ) .  

However, the procedure of Eqs. (146) can be  employed t o  e l imina te  

all troublesome squares of 6-functions i n  (121b) and ( 1 2 7 4 ,  thus 

u l t imate ly  y i e ld ing  f i n i t e  ( i n  any f i n i t e  volume T) probab i l i t y  

cur ren t  flows 5 cL30c)- to "ICi 



15 2 

I n s e r t i n g  (147) i n t o  (127c), one sees t h a t  w ( i  -t f )  has  a cont r ibu t ion  

I w i l l  c a l l  W12 (3) (i 4 f )  --corresponding t o  purely two-body elas t i c  

s c a t t e r i n g  of 1 and 2 i n  t he  three-par t ic le  system--given by 

3 (148a) 

Therefore,  i n t e g r a t i n g  1 2  e 
using the second equa l i ty  i n  (29c) fo r  K 

(148b) over d&3f 
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(149a) 

where 

I n  Eqs,  (149), wlz @)(i -t f )  r ep resen t s  

elas t i c  seat t e r i n g  c o e f f i c i e n t  f o r  particles 

; the d e f i n i t i o n s  of the 

energ ies  E and t o t a l  monmnta 6 i n  ( 1 4 9 4  are 

the  conventional 

1 and 2 i n  their 

obvious. It is 

understood that p a r t i c l e  3 never appears i n  the  computation of 

or fts l ~ o r a t o ~  frame analogue w12 

the86 ~~~~~t~~~ 

p a r t i c l e s  1, 2 ly, with  i n c i d e n t  waves--fn the l ~ b o r a t o  

and c e n t e r  of 
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(150a) 

(150b) 

Furthermore, Eqs. (149b) - (149c), which are the  two-particle 

system analolyes OX- Eqa .:(127b) - (127~) 
i 

improper mathematical manipulations,  because with the  inc iden t  

wave (150b) the  problem of computing wI2 - ( 2 ) ( i  -t f )  reduces t o  

p o t e n t i a l  s c a t t e r i n g ;  correspondingly, 

T-independent. But, using (144), t o  the r e l a t i o n  (149a) corresponds 

&air W derived without any 
I -  

is assuredly 12 

Therefore,  as foreshadowed i n  Chapter 1, Eq. (12lb)--taken toge ther  

with (121c) o r  (2)--implies the  quant i ty  T-' $(Ei -+ lcf), supposedly 

represent ing  the  ac tua l ly  observed s c a t t e r i n g  rate pe r  u n i t  volume 

i n t o  wave nuniber ranges d&,kl&2f ,dfs3f, w i l l  n o t  be independent 

of the volume i n  t h e  limit T -+ m f o r  a l l  kif, lcZf, ls3E. Rather$at 
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k k k consis  mposed by the  th ree  b l f  b2f  A93f 

6-functions i n  (148a) o r  ( l48b) ,  T- seemingly w i l l  be proport ional  

t o  the reac t ion  volume T. 

The above r e s u l t  is j u s t  another  way of see ing  t h a t  w and w 
of Eqs.  (121b) and (127c) are no t  the "true" three-body e las t ic  

s c a t t e r i n g  c o e f f i c i e n t s ;  these ,  as d iscuss  d i n  Chapter 1, s t i l l  

w i l l  be computed from (12lb) and ( 1 2 7 ~ 1 ,  except t h a t  t h e  t r u e  

three-body amplitudes T (ki 4&,> and Tt ( i i  -+ lcf)--determined by t 

ace T and T t(') and - Qi t (+) -  the asymptotic forms of Oi 

r espec t ive ly .  This P a s t  remark suggests  t h a t  t he  r e s u l t  (151)-- 

having been deduced by a somewhat quest ionable  argument (1471, 

s t a r t i n g  from formally divergent  expressions ( f o r  T o r  ?) derived 

via i n v a l i d  mathematical manfpulations---does no t  have any phys ica l  

s ign i f i cance .  This suggest ion i s  i n c o r r e c t ,  however, as t he  

immediately following subsect ion ows. Ins tead ,  t he '  volume 

pendence of (15l)--l ike the  6-functions of (128) and (130c) 

which are i ts  source--is phys ica l ly  i n t e r p r e t a b l e  and, i n  f a c t s  

t o  be expected. 
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4 . 2 . 1  Volume DeDendenCe and Inc ident  Wave Normalization 

One sub jec t  which has  been ignored thus f a r  i n  t h i s  

t h e  genesis of t h e  r e l a t i o n s  (2) o r  ( 1 2 1 ~ ) .  To be  more e x p l i c i t ,  

t he re  is  the  fol lowing quest ion which should be answered: Because 

the normalizat ion of t he  inc iden t  wave $2 

i s  a purely a r b i t r a r y  choice,  how do I know t h a t  Eqs.  (2) o r  (121~) 

relate the  a c t u a l l y  observed s c a t t e r i n g  rate t o  the p robab i l i t y  

cur ren t  flows computed from $i of '( t: 

granted I somehow have managed t o  determfne the  asymptotic forms 

t(+) o r  5 t(+) corresponding t o  t h e  u n i t  of the t r u l y  three-body Qi 
. _  

i 

~~~~~ $ P 

Before trying t o  answer these  quest ions f o r  thrae-body 

s c a t t e r i n g ,  l e t  me t r y  t o  answer t h e i r  analogues f o r  conventional 

two-body s c a t t e r i n g  of spec ies  1 and 2 ,  i n  t h e  complete absence 

of spec ies  3. I n  t h i s  lat ter event ,  the analogue of (2) is 

is given by (149b) o r  (149c) and where Q12 (2) represents  12 where w 
the  observed s c a t t e r i n g  rate of p a r t i c l e s  1, 2 I n t o  d i l f ,  dA2+n 

a l a r g e  volume T containing p a r t i c l e  spec ies  1 and only, Then the  
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customary (and q u i t e  s a t i s f aceo ry )  way of understanding the  volume 

depdndence of (f52a) is  as follows. One f i r s t  observes t h a t  

Eqs. (130) and (149b) imply 

where 

d i f f e r e n t i a l  c ross  s e c t i o n  f o r  elastic s c a t t e r i n g  i n t o  the 

d i r e c t i o n  z12f of lc12fp computed as i f  f o r  p o t e n t i a l  s c a t t e r i n g  of 

a p a r t i c l e  having m a s s  p12 and i nc iden t  wave vec to rk l2 ;  xl, -2 v are 

the classical p a r t i c l e  v e l o c i t i e s ,  of course,  and i t  is understood 

-+ k12& is  the conventional cen ter  of mass frame 

t h a t  s c a t t e r i n g  occurs only i n t o  hlf ,k2f 
momentum conservation. 

cons i s t en t  with energy- 

By d e f i n i t i o n  of the  c ross  sec t ion ,  however, 

i f  a beam of p a r t i c l e s  1--containing N1 p a r t i c l e s / c c  with ve loc i ty  

v --is inc iden t  on a s i n g l e  p a r t i c l e  2 ,  the  number of elastic "1 
s c a t t e r i n g  events  pe r  second i n t o  dn is N12f 

(152c) 
12 i 

rh A 
The s c a t t e r i n g  rate .ts with N2 = N2.r scatterers w i l l  be  N2 t i m e s  

Zc) which--using (152b)--is p r e c i s e l y  the  r e s u l t  (152a) . 
The foregoing i n t e r p r e t a t i o n  of (152a) i s  

general ized to  c o l l i s i o n s  involving three  ~~~~ 
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three-body c o l l i s i o n s  it is  not  r ead i ly  poss ib le  t o  f ind  a quant i ty  

playing the r o l e  of the  cross  s e c t i o n ;  t he re  is  no use fu l  analogue 

of the cross  s e c t i o n  because the three-par t ic le  center  of mass 

frame inc iden t  wave (33b) propagates i n  s ix  r a t h e r  than th ree  

dimensions, s o  t h a t  going t o  the center  of mass frame does n o t  

reduce the th ree -pa r t i c l e  c o l l i s i o n  t o  p o t e n t i a l  s ca t t e r ing .  How- 

ever, I now s h a l l  give an a l t e r n a t i v e  f n t e r p r e t a t i o n  of (152a) 

which--because i t  rests on considerat ions of t h e  laboratory frame 

six-dimensional two-particle i nc iden t  wave (150a) --is e a s i l y  

genera l izable  t o  c o l l i s i o n s  between th ree  (or  more): . pap t i c l e s .  

Obviously the average s c a t t e r i n g  rate from a volume T containing 

randomly and uniformly d i s t r i b u t e d  p a r t i c l e s  1 and 2, i n  numbers 
h *r A 
N1 = N1? and N2, w i l l  be q1N2 t i m e s  the  average s c a t t e r i n g  rate from 

t h e  same vo lum containing only a s i n g l e  p a r t i c l e  1 and a s i n g l e  
\ 

p a r t i c l e  2 ,  assuming these  s i n g l e  p a r t i c l e s  each may be found 

anywhere i n  T with uniform p robab i l i t y  pe r  u n i t  volume. The inc iden t  

plane wave func t ion  corresponding t o  (150a), bu t  normalized t o  

one p a r t i c l e  1 fnJT and one p a r t i c l e  2 i n  T is 

because,  e.g., t he  p robab i l i t y  of f ind ing  p a r t i c l e  1 i n  any dzl 

wi th in  T is 

(15 3a) 
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O t i  5110 othnr ) r t ~ ~ r I ,  bewi1Be Kq. ( 

a lso  i t s  l i m i t  Oi(” (E)--rigorou 

) shuwrn Q i ( E  + ic)--and therefore  

i s  mul t ip l ied  by T-’ when JIi 

l t i p l i e d  by T-’, i t  follows from Eqs. (45a) and (l17a) t h a t  

t he  outgoing p robab i l i t y  cur ren t  flow computed with JIif of (153a) 

is p rec i se ly  - c - ~  t i m e s  the  corresponding flow computed wi th  JI of 

(150a). I n  o the r  words, recognizing t h a t  the d e f i n i t i o n  (121a) 

i 

of w appl ies  t o  two-particle as w e l l  as t o  th ree -pa r t i c l e  systems, 

the  s c a t t e r e d  p robab i l i t y  cur ren t  flow computed with JI,’ of (153a) 

y i e l d s  p r e c i  

wherein the  second equa l i ty  holds  because the  conventional labora tory  

and cen te r  of mass frame two-particle s c a t t e r i n g  coeff ic ientsz-w (2) 
12- 

(2)  respect ively--also s a t i s f y  (144). Horeover Ql2 P (2) of 
12 and w 

154),  with w12 ( 2 )  given by (149b), represents  the s c a t t e r i n g  rate 

when a s i n g l e  p a r t i c l e  1 and a s i n g l e  p a r t i c l e  2 are t o  be  found 
h rl 

i n  Multiplying (154) by Nfrr2 = N 1 N 2 ~ L  again y i e l d s  (152a). 

The f a c t  t h a t  (154) represents  t he  s c a t t e r f n g  rate f o r  a s& 

p a i r  of p a r t i c  a l s o  can be  understood on the  following less 

exact but v e q  phys ica l  b a s i s .  I n  a nuinely two-body c o l l i s i o n  

involving s h o r t  range fo rces ,  i t  can be  assumed t h a t  s c a t t e r i n g  

takes  p lace  only i f  the  two p a r t i c l e s  1 and 2 manage t o  g e t  w i th in  

a (poss ib ly  dependent on lxl - z2#) d i s t ance  b 

the  t o t a l  e las t ic  s c a t t e r i n g  c ross  s e c t i o n  I n  e f f e c t  

each o the r ,  where 
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t h i s  relatim def ine  the  (dependent on r e f  ve loc i ty )  quan t i ty  

b ;  of course,  often--bpt 

approximately the  range a t  which the  i n t e r a c t ~ o n  Vl2(sI2) becomes 

neg l ig ib ly  d i f f e r e n t  from zero. 

T containing p r e c i s e l y  one p a r t i c l e  1 and one p a r t i c l e  2,  each of 

which may be loca ted  anywher 

volume. 

t he  p r o b a b i l i t y  of f ind ing  p a r t i c l e  1 i n  r0 is  T ~ / T .  

probab i l i t y  t h a t  p a r t i c l e s  1 and 2 are s c a t t e r i n g  wi th in  to at any 

given i n s t a n t  - (zO/.rl2, t h e  p robab i l i t y  of simultaneously f ind ing  

1 and 2 wi th in  to. 

A t  any given i n s t a n t ,  therefore ,  with m e  p a r t i c l e  1 and one p a r t i c l e  

2 i n  T, the  probable number of s c a t t e r i n g s  tak ing  place i s  t0/t. 

To convert  t h i s  r e s u l t  t o  a s c a t t e r i n g  rate pe r  p a r t i c l e  pa i r ,  one 

must div ide  by a time tc represent ing  the  average "duri t ion" of a 

c o l l i s i o n ,  i.e., the average t i m e  a p a i r  of p a r t i c l e s  remains wi th in  

s c a t t e r i n g  range; t h i s  d iv i s ion  by t, recognizee t h a t  even with a 

l a r g e  number of p a r t i c l e  p a i r s  i n  T, s c a t t e r i n g  continues a t  a 

s teady  average rate only because p a r t i c l e s  complete one s c a t t e r i n g  

event  and move i n t o  a new volume T ~ ,  where they again have a chance 

TO/r of s c a t t e r i n g  aga ins t  any o t h e r  given p 

the s c a t t e r i n g  rate per  p a r t i c l e  p a i r  i n  t t i  

tc = I xl - r2t*% 9 t h i s  s c a ~ t @ r i ~ g  rate pe r  

t he  form (154) r 

p a r a ~ r a p h  re1 

Naw ag n consider  a l a rge  volume 

3 

Hence the  

Then a t  any given i n s t a n t ,  i n  any given voluae T - b 
0 

The number of such volumes T~ i n  T is ?{to. 

% 
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Now, having managed t o  give simple labora tory  system i n t e r p r e t a t i o n s  

of (f52a),  I tu rn  t o  i t s  analogous three-body r e l a t i o n  (2) .  

F i r s t ,  l e t  me proceed inexac t ly ,  t houghqua l i t a t ive ly  co r rec t ly ,  

as i n  the  preceding paragraph. 

between p a r t i c l e s  1, 2 ,  3 occurs only i f  the t h ree  p a r t i c l e s  

A t r u e  three-body c o l l i s i o n  

simultaneously f ind  themselves wi th in  some volume T~ (possibly,  

b u t  n o t  necessa r i ly ,  of t he  same order  b as i n  ind iv idua l  two- 3 

p a r t i c l e  c o l l i s i o n s  between i n d i f i d u a l  p a i r s  a, 8 ) .  With a s i n g l e  

p a r t i c l e  of each spec ies  a t a  = 1, 2, 3 )  i n  a Large tiax- I, 'a= 
probab i l i t y  of simultaneously f ind ing  a l l  th ree  p a r t i c l e s  i n  a 

given T~ is  ( T ~ / T )  . 
durat ion (now n o t  as r ead i ly  r e l a t e d  as previously t o  the  r e l a t i v e  

- -  

3 L e t t i n g  t again denote t h e  average c o l l i s i o n  
C 

p a r t i c l e  v e l o c i t i e s )  , the  t r u e  three-body s c a t t e r i n g  rate per  

t r i p l e t  1, 2 ,  3 i n  T is 

' A  
Therefore,the labora tory  frame s c a t t e r i n g  rate with N = N T 

a a1 

p a r t i c l e s  i n  T is1 

(155a) 

(155b) 

Eq. (145b) has t h e  form ( 2 ) ;  i n  p a r t i c u l a r ,  i t  asserts t h a t  the 
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measured laboratory s c a t t e r i n g  rate should be propor t iona l  t o  T, 

as w e l l  as t o  NINaNs. I f  Eq, (2) now is regarded tamely as a 

d e f i n i t i o n  of t h e  p ropor t iona l i t y  f a c t o r  w between the  a c t u a l l y  

observed three-body s c a t t e r i n g  rate Q and N1N2H3~. then (155b) 

shows 

(155 c) 

Thus, i f  Eq. (2)  r e a l l y  provides a p red ic t ion  of the measured Q 

i n  terms of the  t r u e  three-body r eac t ion  c o e f f i c i e n t  

from - (Pi t(+) [as t h i s  paper has  been a s se r t ing ]  then calculations 

determined 

of t h i s  w from 4i t(+) should be  oons is ten t  with ( 1 5 5 ~ ) .  I n  o ther  

words, t he  computed t r u e  three-body s c a t t e r i n g  c o e f f i c i e n t  w 
should tu rn  o u t  t o  be  .r-indepelndent, and should be  i n t e r p r e t a b l e  

as the  square of a r eac t ion  volume divided by the  c o l l i s i o n  durat ion.  

I a l s o  can argue as i n  the  nex t  t o  the last  paragraph abwve, 

wherein no approximations were made and no i l l -de f ined  average 

q u a n t i t i e s  (e.@, t ) were introduced. The inc iden t  wave funct ion  

corresponding t o  ( 

C 

, ,bu t  normalized t o  one p a r t i c l e  of each 

3 in T is [compare Eq. (153a)l 

Thus t h e  t r u e  th ree -Pa r t i c l e  c o l l i s i o n  rate with one p a r t i c l e  &f 
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each spec ies  i n  T is p rec i se ly  

\ 

(156b) 
e P 

d 

where w,  w here  are supposed t o  be  t h  

determined from Qi 

i nc iden t  wave (2% h i .e . ,  determined from t R e  t r u l y  three-body 

p a r t s  of the  conventional Qi 

were examined i n  s e c t i o n  4l1. 

rate (156b) p e r  t r i p l e t  by the  number of t r i p l e t s  

t r u e  r eac t ion  coeff i c i e n t s  

t(+) - t(') corresponding t o  the conventional ' Qi 

(+) whose asymptotic forms 

Multiplying the  p rec i se  s c a t t e r i n g  

(+I - 
¶ @i 

i n  T y i e l d s  p rec i se ly  Eq. (2) ; i n  o t h e r  

words, t he  argument of t h i s  paragraph implies  t h a t  the  measured 

s c a t t e r i n g  rate 8 ,  arid the  r eac t ion  c o e f f i c i e n t  5 determined as 

descr ibed i n  the  preceding sentence,  indeed must b e  r e l a t e d  as 

i n  Eq. (2).  

p ropor t iona l  t o  T; 

present  argument knows. However, the  f a c t  t h a t  the t r u e  three- 

body r eac t ion  c o e f f i c i e n t  ; i s  independent of T w i l l  become 

apparent when ; i s  ca l cu la t ed  c o r r e c t l y ,  i .e . ,  s t a r t i n g  from (Pi 

and n o t  employing any improper mathematical manipulations e 

having now shown w i n  (2) indeed must be the  t 

Note t h a t  t h i s  present  argument does not  imply $3 i s  

i n  (15Sb) might be T-dependent, f o r  a l l  t h i s  

- t(+) 

Alterna t ive ly  

t h  ree-body r eac t ion  

c o e f f i c i e n t ,  I can appeal. t o  the  considerat ions of the  preceding 

paragraph--in p a r t i c u l a r  t o  Eqo ( 1 5 5 ~ ) -  i n f e r r i n g  [without 

a c t u a l  ca l cu la t ion  of W from 5, t(+) ]--that such ca lcu la t ion  
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w i l l  y i e l d  a w independent of T~ I n  f a c t ,  once E q s ,  (l55a) and 

(156b) each have been deduced, t he  r e l a t i o n  ( 1 5 5 ~ )  f o r  the  t r u e  

three-body r eac t ion  c o e f f i c i e n t  w of (156b) follows immediately 

without any necess i ty  f o r  r e f e r r i n g  t o  Eqe ( a ) ,  

This r e s u l t  answers t h e  quest ions r a i s e d  i n  the  f i  

paragraph of t h i s  subsect ion.  

understanding (151) e The 

I t u r n  the re fo re  t o  the problem of 

, ,- L 

- ..- ~ 2 

represents  t h e  fabora to  frame c o e f f i c i e n t  f o r  two-body s c a t t e r i n g  

('I t o  t he  th ree -pa r t i c l e  of 1, 2 when computed from the  s o l u t i o n  Y 

Lippmann-Schwinger equat ion corresponding t o  the  th ree -pa r t i c l e  

i 

- 

'11, 2 M y  rats.wa12 ?I 

s c a t t e r i n g  should be expected with the inc iden t  wave Qi* of 

(156a)? The answer t o  t h i s  ques t ion ,  c l e a r l y ,  is the  same r a t e  

(154) as w a s  computed using the  two-particle of (153a) 

because both these inc iden t  waves correspond t o  one p a r t i c l e  1 and 

one par t ic le  2 i n  T *  I n  otl ier words, it must be  t r u e  t h a t  

But as explained previosasly following Eq. (153b) the  p robab i l i t y  

cur ren t  flow computed with $iw of 

the corresponding flow computed with $i 

see t h a t  with the  inc iden t  wave ( 

l abora tory  frame two-body c o e f f i c i e n t  
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which i s  p rec i se ly  the  r e s u l t  (151) obtained earlier from the  

expressions f o r  wl, and i n  terms of the  matr ix  (2) 

A 
elements T12(i + f )  . 

The argument i n  the preceding 

the  r2 dependence i n  w 1 2  (3)(1 -f f )  

paragraph makes 

i s  necessary i f  
f 2\ 

observed two-body s c a t t e r i n g  rate CS 'J' using the  1 2  

i t  apparent t h a t  

t h e  pred ic ted  

three-b ody 

inc iden t  wave (;aid i s  t o  agree with the conventional p red ic t ion  

(*) of (152a) obtained using the  two-body inc iden t  wave (150a). $12 

Indeed, one can say f l a t l y  t h a t  i f  adding an i r r e l e v a n t  p a r t i c l e  

3 t o  the p a i r  1, 2 had changed the  phys ica l  p red ic t ions ,  t h i s  

s~whcde app -partiae E: 

become very quest ionable  a 

discussion i n  t h i s  subsect ion a l s o  suggest  a s i m p l e  series of 

r u l e s  f o r  making the  connection between c o l l i s i o n  theory and 

experiment, f o r  any c o l l i s i o n  process and whatever the  number of 

p a r t i c l e s  involved: ( i )  compute the  r eac t ion  c o e f f i c i e n t  using 

u n i t  amplitude waves; ( i i )  i f  the  mathematics has  involved 

inva l id  manipulations so t h a t  on-shel l  64 ions  appear i n  t h e  

t r a n s i t i o n  amplitudes 

(146) - (147), permi t t ing  only the  f i r s t  powers of 8-functions t o  

The preceding paragraph and earlier 

ke fn te rp re t  them along the  l i n e s  of Eqs 
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remain i n  w o r  w; (iii) renormalize so as t o  correspond t o  an 

inc iden t  wave with one p a r t i c l e  of each spec ies  i n  a volume T ;  

( i v )  

t r i p l e t s ,  tetrads, etc. (e.g. ,  by 98; *;"El2't 

p a r t i c l e  processes ,  by liJZB2N3r 

etc.) , t o  ob ta in  the  labora tory  system reac t ion  rate 8 i n  r .  

mult iply by the  appropr ia te  number of p a r t i c l e  p a i r s ,  

f o r  two- 

f o r  t h m e - p a r t i c l e  processes 3 

Granted I haven't  proved the  legi t imacy of the  above r u l e s ,  

t h i s  subsect ion makes i t  unl ike ly  t h a t  they are not  q u i t e  

general ly  applicaE3e. On t h e  o t h e r  hand, I must po in t  out t h a t  

e spec ia l ly  r u l e  ( i i )  msrs! is  dubious; c e r t a i n l y  I have not  shown 

t h a t  the prescr ibed  replacement of powers of on-shell  &-functions 

by powers of r always w i l l  make good phys ica l  sense ,  although 

the  l i ke l ihood  t h a t  t h i s  w i l l  be  the  case now seems much g r e a t e r  

than previously might have been supposed. I n  p a r t i c u l a r ,  t h e  

next  subsect ion w i l l  demonstrate that the T-dependence implied 

by the  double-scat ter ing 6-functions (135) can be understood 

phys ica l ly .  Nevertheless,  i t  is  apparent t h a t  the  r e s u l t s  of 

t h i s  subsect ion i n  no way negate  t h e  r e s u l t s  of pxevious sec t ions .  

The presence of 6-functions i n  t r a n s i t i o n  amplitudes s t i l l  

siwals improper mathematical manipulations,  genera l ly  r e f l e c t i n g  

the  f a c t  that er 

asymptotic dependence of the  s c a t t e r e d  wave terms' 

l i m i t  as r + m is baing ex t r ac t ed ;  the  corresponding a n o d o u s  

T-dependences of computed r eac t ion  c o e f f i c i e n t s  i n d i c a t e  the  same 

f a c t  from a d i f f e r e n t  po in t  of view, i .e.,  they i n d i c a t e  t h a t  

phys ica l  processes  o the r  than those des i red  have been included,  

N 
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e.g. ,  two-body s c a t t e r i n g  i n  the supposed three-body r eac t ion  

coe f f i el en t . 
Section 4 . 3  below i l l u s t r a t e s  tlie f a c t  t h a t  q u a l i t a t i v e  

arguments l i k e  those l ead ing  t o  C q s .  (155) can lead t o  

cen te r  of mass reac t ion  c o e f f i c i e n t  propor t iona l  t o  a negat ive 

power of T .  1: b e l i e v e  t h a t  i n  t h i s  event the corresponding c o l l i s i o n  

process e i t h e r  r e a l l y  i s  unobservably small  i n  any l a r g e  volume 

( i n  comparison with related competing processes) 

a laboratory system rate t 3 ( i  -+ f )  proportiona? to  T; i t  a l s o  i s  

p o s s i b l e  t h a t  a pred ic ted  ii propor t iona l  to&-', z > 0 ,  means 

o r  a t  nost  has 

simply that  tlie process under examination is  e s s e n t i a l l y  meaningless 

wit2-iin the  t h e o r e t i c a l  formulation adopted. I n  e i t h e r  case, t h e  

above r u l e s  probably are no t  appl icable .  

t h a t  r eac t ion  c o e f f i c i e n t s  which r e a l l y  are phys ica l ly  p\oportional t o  

T , z > 0 ,  correspond t o  processes which--in t h e  p a r t i c u r a r  t h e o r e t i c a l  

formulation adopted--depend on p a r t s  of 5 (+I (i) decreasing more 

r ap id ly  a t  l a r g e  r than does the r e l evan t  free-space Green's f u n c t i a s  

It a l s o  seems r8asonable 

'\\ 
-2 

i 

rr 
- '(+)(:;;'), i .e. ,  more r ap id ly  than - r -b(J - '1- ']I2; here J is 
GF i\. f- 

the  number of independent aggregates  moving outward t o  i n f i n i t y  i n  t h e  

labora tory  system 

formation of bound states u (r 

has  t h e  dimensional i ty  

func t ion  f o r  a system of J elementary p a r t i c l e s .  

have n o t  proved the  immediately preceding a s s e r t i o n  concerning 6 % T-', 

= 2 i n  a th ree -pa r t i c l e  c o l l i s i o n  r e s u l t i n g  in 

) as, e.g. ,  i n  Eq. (17a)] - J(+> and GF j 1-12 

t h e  c e n t e r  of mass frarce f r e e  space Green's 

Needless t o  say,  I 

z > 0; w e  have seen,  however, t h a t  6-functions i n  t r a n s i t i o n  amplitudes 

genera l ly  lead t o  w propor t iona l  t o  p o s i t i v e  powers of T ,  and seem t o  

be assoc ia ted  wi th  terms i n  

r e l evan t  f r e e  space Green's func t ion  E '(+)(E;;') 

(+I(&) decreasing less rap id ly  than t h e  
i *  

F / v l v  

a t  t h e  end of subsec t ion  4.1.3j e 
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4.2.2 Double S c a t t e r i n g  Contributions 

I n  t h i s  subsect ion I s h a l l  discuss  the  volume dependence 

implied by the 6-functions (135). To begin with,  the b r i e f e s t  

considerat ion of the  contr ibut ions made by these  6-functions t o  

w and 

of being ab le  t o  compute p rec i se ly  the  an 

&-functions F%&ld. 

cont r ibu t ions  t o  w ( i  + f )  p ropor t iona l  t o  T " ~ ,  bu t  t he  p r e c i s e  

magnitudes of these  cont r ibu t ions  are e s s e n t i a l l y  inca lcu lab le .  

of (l21b) and (127b) makes i t  evident  t h a t  t h e r e  i s  l i t t l e  hope 

lous T-dependences these  

It is e a s i l y  seen t h a t  the  6-functions (135) make 

To make these  last a s s e r t i o n s  more e x p l i c i t ,  suppose I w r i t e ,  

as i n  E q s .  (146) -(147) 



Than t h e  ona-di.mensiona1 i n t e g r a l  over dx' i n  (158b) is not  as 

r e a d i l y  i n t e r p r e t a b l e  as t h e  three-dimensional i n t e g r a l  over dg' 

i n  (146b). 

assumed p ropor t iona l  t o  some average dimension of T~ i.e., 

p ropor t iona l  t o  +'la. 

huwever, and probably w i l l  depend on the shape of t he  l a r g e  

voltusg T. In o t h e r  words, the bes t  I seem able t o  do is  t o  

rep lace  (158b) by 

Cer ta in ly  the  i n t e g r a l  over dx' i n  (158b) can be  

The p ropor t iona l i t y  f a c t o r  is i l l -de f ined ,  

where C is an unknawn f a c t o r ,  dependent on the  shape of the 

s c a t t e r i n g  region T, b u t  no t  on t h e  magnitude of its volume. 

Recal l ing tha t  (135a) is a con t r ibu t ion  t o  Ts of (133b), 

and comparing with Eqs. (147) - (148), one sees tha t  i n s e r t i o n  

of !? i n t o  (127b) w i l l  y i e l d  a G ( i  -+ f )  conta in ing  terms s u r e l y  

propor t iona l  to  T " ~ ,  bu t  wi th  unknown c o e f f i c i e n t s  dependent 

on the shape of T. 

cont r ibu t ions  t o  w ( i  -t f )  w i l l  be  propor t iona l  t o  T ~ / ~ ,  using 

t h e  s t i l l  app l i cab le  (144) e 

end of subsec t ion  

The corresponding double scattering 

I add 

x/z p-4 *i (+) (r) (Y decreases l i k e  p along zf 5 

assoc ia ted  con t r ibu t ion  t o  w ( i  + f )  w i l l  be 

rXl3; equiva len t ly ,  when a p a r t  of Zi (+I (3) - 

x > 0 ,  the 

propor t iona l  t o  

decreases  l i k e  

%x$ - 

- Y / Z  i; -512 along P 
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- -  
the a s soc ia t ed  con t r ibu t ion  t o  w( i  -+ f )  w i l l  be proportioiial  2f + 2aB 

t o  T Y ' ~ ,  assuming y 0. 

4 / 3  
I now show t h a t  t h i s  T dependence of double-scattering 

con t r ibu t ions  t o  w ( i  + f ) - - l ike the  -r2 dependence of two-body 

s c a t t e r i n g  con t r ibu t ions  t o  w ( i  -+ f )  discussed i n  subsect ion 4.2*1-- 

is physical ly  understandable and, i n  f a c t ,  t o  b e  expected. A s  i n  

the  case of t r u e  three-body c o l l i s i o n s ,  i n  a l a r g e  volumc T 

containing 11 p a r t i c l e s  a ,  a = 1, 2,  3,  t h e  double-scattering rate 

corresponding t o  (135b)--namely [ recal l  t he  discussion of C q s .  

A 
01 

(136) - (139)] the  average number of t i m e s  p e r  second t h a t  a two- 

body s c a t t e r i n g  event between 1 and 2 is  followed by a two-body 
A A A  

s c a t t e r i n g  between 2 and 3 - - w i l l  be p rec i se ly  NIN2N3 times the 

corresponding rate when 'I contains a s i n g l e  p a r t i c l e  of each 

species. The desired. double-scatterfng rate i n  t h i s  l a t t e r  

s i t u a t i o n  w i l l  b e  the  integral---over 111 possible intermediate 

momenta k ' r e s u l t i n g  from the  f i r s t  scattering--of the  product 

between the  rate a t  which 1, 2 s c a t t e r i n g s  produce lc2' and the  

p r o b a b i l i t y  t h a t  p a r t i c l e  2 w i l l  scatter from 3 as i t  moves through 

N2 

t he  volume T with momentum k '. This l a t t e r  p r o b a b i l i t y  is  &2 
'L - 
= LGz3/T, where u23 is  the  c ross  s e c t i o n  f o r  two-body s c a t t e r i n g  

of 2 Ly 3, and L is some average dinension of T ,  depending on the 

s i te  of the  first s c a t t e r i n g ,  t he  d i r e c t i o n  of h2', the shape cf 

T, etc. ; ev iden t ly  Laz3 

s c a t t e r i n g  of 2 by 3 can occur as 2 moves through T. The rate of 

l., 2 s c a t t e r i n g s  f o r  a s i n g l e  p a i r  1, 2 i n  T i s  given by (154). 

Theref o re ,  a f t e r  performing a l l  the complicated averages , the  

dc:;.ircd double s c a t t e r i n g  rate 8 ' (12 ,  23) with one p a r t i c l e  of 

is  an estimate of t he  volume wherein 

d 
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each spec ie s  i n  T w i l l  t u r n  out t o  be  

(159a) 

where C again is  an e f f e c t i v e l y  unknown f a c t o r ,  dependent on the  

shape of the  s c a t t e r i n g  region T~ b u t  n o t  on t h e  magnitude of i t s  

volume. Ilere t3 ' (12, 23) r ep resen t s  the double-scattering contr ibut ion 

t o  the probal3il.ity current  flow when the  inc iden t  wave i s  d~ ' of i 
(156a). IIencc the  corresponding con t r ibu t ion  t o  \ r ( i  + f) of (121b) 

must IJC p r q o r t i o n a l  t o  T T -513 = 'r4l3, with a shape-dependent factor 

C y  as found i n  t h e  preceding paragraph beneath (1.58~).  The 

corresponding observed double s c a t t e r i n g  rate 12~(12 ,  23) &cn 

T contains  14 p a r t i c l e s  of each spec ie s  w i l l  be 

a 

/r 

a 

I want t o  c o n t r a s t  tlifs r e s u l t  (159t) f o r  the  6-functjons 

(135) with t he  corresponding r e s u l t  i n  subsection !+.2.1 f o r  the 

6-ftmction (130~). In the case of t l i e  6-functions (135) t h e  

conrputed w ( i  -+ f >  using JI, of (21a) ha8 term prop0 al t o  

T~'~; t o  these term w i l l  correspond obscrved laboratory f r a m  
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4 / 3  and t c  T . 
N1N2N3 scatterin;: rates Q(i + f )  proportional t o  

Tor the  6-function (13Oc) on the  o t h e r  h a n d ,  though t h e  computed 

w(i  -+ f> using + of (21a) is propor t iona l  t o  T the corresponding 

ohscrvable l abora to ry  frame Q ( i  -+ f )  i s  propor t iona l  mercly t o  T, 

2 
i 

as well as mercly t o  N N 

t h a t  the  exye r iEen ta l i s t  a t t e r y t i n g  t o  measure the true three-5od.y 

(being independent of N3). ?Tote a l s o  
1 2  

e l a s t i c  s c a t t e r i n g  c o e f f i c i e n t  by crossing t h r e e  beam ( le t ' s  

ignore the  p re sen t  u t t e r  i n f e a s i b i l i t y  of such an experiment) w i l l  

have t o  avoid pJ8cinE; l i b  coincidence counters a t  d i r e c t i o n s  and 

Clis t a n a s  corresponding t o  vanishing of the arguments of tlle 

(5 € ~ - ~ l i c L i o ~  (13%) and i t s  afialogues, i f  he wishes t o  avoii: 

-n r  3cLLu.,uring . I , .  double s c a t t c r i i i g  r a t h e r  than t r u e  three-body s c a t t e r i n g .  

Of course,  he a l s o  must avoid counter l o c a t i o n s  Corresponding t o  a 

single purely two-body s c a t t e r i n g .  
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4.3 Truly Three-Body --- S c a t t e r i n g  --- 
I re tu rn  now t o  our  o r i g i n a l  ob jec t ive  of determining the  physical  

three-body G ( i  -+ f )  

t rue  three-body matr ix  elements < f l z t l i  > of Eq. (4).  

subsect ion 4.3.1 immediately below t h a t  the  cont r ibu t ions  t o  @ 

(69) from t r i p l e  and h igher  r e s c a t t e r i n g  processes  (n l y ,  from processes  

involving any number n - > 3 of successive purely two-body c o l l i s i o n s  

i .e.  I, t o  the problem of f ind ing  expressions f o r  t he  

It is  argued i n  

- s(+) of 
i 

between p a i r s  of t he  th ree  p a r t i c l e s  1, 2 ,  3) behave asymptot ical ly  l i k e  

(+)(:;:';E) as -+ along e s s e n t i a l l y  a l l  3 which keep no craB f i n i t e .  GF i - ~  m 4 
I n  o the r  words, as t h i s  chapter  ( e spec ia l ly  i n  i t s  in t roduct ion  and i n  

subsect ion 4.1.3) has made abundantly clear, such n - > 3 r e s c a t t e r i n g  

processes  l eg i t ima te ly  can be termed " t ru ly  three-body", and are expected 

t o  contribute! n e i t h e r  6-functions t o  TS(k + .kf) of (133b) nor  anomalous 

?-dependences t o  G ( i  -+ f ) ,  

.r*r i 

A d i r e c t  way of a t t a i n i n g  our  des i r ed  

ob jec t ive  , theref  o re ,  is t o  develope a procedure f o r  

s u b t r a c t i n g  tiic double-scattering co , i t r ibu t ions  t o  5 '(+)of ( 6 9 )  , 

thereby !lope f u l l y  obtaining - Q, t (C) .  I f  t h i s  could be done, one 

should be  ab le  t o  compute l i m  CP as r - t -  I I ;f, dierewitil 

determining Tt((rc + 1 ) i n  c losed  form; correspondingly,  using 

tlie cen te r  of  mass analogues of (105) - (1C)6), one would have a 

i 

i 
- t(+) - c 

i & 

-i df 

closed form expression f o r  the t r u e  ( o r  physical)  three-body elas t i c  

s c a t t e r i n g  t r a n s i t i o n  operator  2 -- t introduced i n  Chapter 1. X add 

t h a t  because the  shape-dependent f a c t o r  C i n  Eq. ( 1 5 8 4  is e s s e n t i a l l y  

inca l cu lab le ,  t he re  seem t o  be no p r a c t i c a l  way t o  obta in  t h e  t h e o r e t i c a l  

phys ica l  three-body G ( i  -+ f )  by sub t r ac t ion  of T ~ ' ~  cont r ibu t ions  from 

the w(i -+ f )  computed using TS(k -f IC,) of (133b) 

t h e  physical  w ( i  -+ f )  

Thus, t o  obta in  
r- i 

the necessary sub t r ac t ion  of non-three-body 

cont r ibu t ions  must be pe r f0  d before  car ry ing  out  the  p robab i l i t y  
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current flow computations and 6-function reinterpretations 

discussed i n  sect ions 4.1 - 4.2. 

hand, actually might be able to  perform this  subtraction by va 

scattering volume while keeping its shape constant, thus i n  effect 

determining the shape dependent factor C empirically. 

The experimentalist, on the other 
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-- 4.3.1 Sub t r a c t i o n  of Double Sca t t e r ing  Tenns  

Although there  is no obvious reason why i t  should be impossible 

t o  do so, I have not  been ab le  t o  perform the  des i red  sub t r ac t ion  of 

- described i n  the  in t roduct ion  i double s c a t t e r i n g  cont r ibu t ions  t o  4~ 

t o  t h i s  sec t ion .  The d i f f i c u l t y  l ies i n  t h e  need not  t o  s u b t r a c t  too 

much; otherwise there  would be no problem. The two-body s c a t t e r i n g  

6-function appearing as a mul t ip l i ca t ive  f a c t o r  i n  (130c) has  i ts  o r i g i n  

i n  the  plane wave f a c t o r  e i s12  5412 i n  the  Zl2 (+I [Eq. (72)) pa r r  of 

- 
4i(+'. But the  presence of t h i s  plane wave f a c t o r  means the e n t i r e  

term T (+I(;) f a i l s  t o  behave l i k e  EF(i;i') as i + along v' corresponding 12  ru @J c.f 
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-- ___---- 
one assuredly - t(+> t o  e las t ic  s c a t t e r i n g ,  s o  t h a t  i n  seeking Qi 

can s u b t r a c t  t h e  e n t i r e  term 6,,(+) from 5, (+) [recall the  discussion 

preceding Eq.  (119) 1. However, the double-scat ter ing &functions 

(135), which appear as add i t ive  components of TS(k + kf) 
M i  

correspondingly arise from a d d i t i v e  components of Qi 
- 

To 

obta in  - Qi t(+) from zi '('I, one must s u b t r a c t  from 8,'(+)(:) a l l  

terms behaving asymptot ical ly  l i k e  p 

s c a t t e r i n g  3 

the  end of subsect ion 4.13--one m u s t  r e t a i n  i n  ait(+) (r) i\. a l l  

- -2 as f ; t+ Q) along e l a s t i c  

but--- i s  clear from the  rules and discussion a t  Nf' 

- -5/2 
going)terrns i n  Ti '(+) (2) r* behaving asymptot ical ly  l i k e  p * 

To make more e x p l i c i t  the  d i f f i c u l t y  of performing t h i s  

d e l i c a t e  sub t r ac t ion ,  l e t  me i n d i c a t e  the  r e s u l t s  of one reasonable 

a t t e m p t  t o  s i n g l e  ou t  the double-scat ter ing terms &IX (Pi 

According t o  subsect ion E . 3 . 2 ,  the  p cont r ibu t ion  i n  t h e  

- s(+) . 
- -2 

- <+) (+) p a r t  of - Q~ [ E q .  (69)q is contained e n t i r e l y  
v23% 

i n  

J 

r e c a l l i n g  the  cen te r  of m a s s  vers ions  of E q s .  (60) and 72) e Therefore 

I w i l l  perform an i t e r a t i o n  on Eq.  (69) as follows. I n  t h e  V23 
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t e r n  of (67c) use the second e q u a l i t y  i n  (63b) ,  proceeding 2s i n  

E q s .  ( 6 4 )  - (67c), and s i m i l a r l y  f o r  t he  V31 and ITl2 terms i n  

(67c). Then, a f t e r  t ak ing  the limit E -t 0 ,  one f i n d s  

where 

( 16 la) 

(161b) 

(161d) 

and where the  r e s u l t  of double i t e r a t 5 o n  and s u b t r a c t i o n  [on t h e  

o r i g i n a l  formula (52a) f o r  Yi (+)I  i s  
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The ceii tcr of mass vers ion  of (162) ir,volves no divergent  i n t e g r a l s ,  

auc! i s  tl:e des i red  i t e r a t i o n  of (6C) ; oLviously , I could have 

obtaine2 tile sane r e s u l t  by i t e r a t i n g  d i r e c t l y  on ( 6 9 ) ,  us ing the 

center  of inass vers ions of E q s .  (63) .  
- -2 - 

Because dp @ decrease8 no less slowly than p as r + 

along \j i t  can 5 e  seen from the arguments a t  the end of 

Sect ion E.2 t h a t  interchange of order  of i n t e g r a t i o n  and l i m i t  

r -+ 1 I 3 
d r f  

except  poss ib ly  along c e r t a i n  snecial 

i t  has  n o t  been shown t h a t  these s p e c i a l  

have n o t  ru led  out  the  p o s s i b i l i t y  t h a t  such occur. However, 

the d iscuss ion  i n  subsec t ion  4 . 3 . 2  below s t rong ly  ind ica t e s  t h a t  

such s p e c i a l  3 

f o r  the  purposes of t h i s  work. Therefore w e  i n f e r  t h a t  f o r  our 

a$ 
- 

Nf # & c y  

- d ( + ) ( j ) ,  
- 

is  j u s t i f i e d  i n  the  i n t e g r a l s  (162) f o r  Qi 

A s  s e c t i o n  E.2 exp la ins ,  

r e a l l y  exist;  w e  merely 

I-f 

Ff * 

-.f 

Leven i f  they a c t u a l l y  occur] are inconsequent ia l  ,-f 

p resent  purposes 

4.J r - t -  1 I zf i n  (162) i s  j u s t i f i e d ;  correspondingly,  w e  may conclude 

t h a t  - Qi d(+) is  outgoing and decreases  no less r ap id ly  than p 

as r+ + 

in te rchange  of order  of i n t e g r a t i o n  and l i m i t  
- - 

- -512 

- 
I I 3 Hf except  possibly f o r  these  same s p e c i a l  inconsequent ia l  

- 
I n  o the r  words, i t  appears l eg i t ima te  to  conclude t h a t  t he  2 f *  

- s(+) all anomalously propagating double-scat ter ing con t r ibu t ions  t o  Q, i 
- 

and 012 ; thus s u b t r a c t i n g  s(+) - 
23 ’ @31 are contained i n  5 

- d(+) which represents  t r u e  - should leave a Q these  terms from @ i i 

three-body s c a t t e r i n g  only.  
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S (+.I On t h e  o t h e r  hand, I see no reason t o  think t h a t  6as 

represent  anomalous double s c a t t e r i n g  0111 y 

which should be included i n  5i t ( 9 ) e  For one th ing ,  subsect ion E . 3 . 2  

can be seen t o  imply 

i e e a .+ con t 

- -5/2 decreases  no less rap id ly  than p 

means t h a t  5 

namely the l e f t  s i d e  of (163)--belonging i n  $i t(+) (because i t  i s  

most un l ike ly  t h a t  the p - -5/2 con t r ibu t ion  t o  the  l e f t  s i d e  of (163) 

is everywhere incoming) ; i n  o t h e r  words, zid(+) of (162) does n o t  

contain a l l  p a r t s  of 5 

. But t h i s  r e s u l t  immediately 

on t h e  t i g h t  s i d e  of (161a) contains  a part-- 23 

(+) con t r ibu t ing  t o  - cPi t ( + )  
i 

Al te rna t ive ly  Eq a (163) means 

( 16 4a)  
- -  

- -2 contains the e n t i r e  p con t r ibu t ion  i n  (160), j u s t  

- -2 (160) contains  the  e n t i r e  p con t r ibu t ion  i n  

12 would f i ~ b  Hewever, rep1 

- -2 - -2 
p contr ibut ion.  Sect ions L.2 - . 3  shod the p behavior 

i n  ( 1 6 4 ~ )  St@= from tlie f a c t  t h a t  the integral .  (7%) behaves l i k e  

-1 
as r + m; ev iden t ly  1 2  W 1 2  r 

(164b) 
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-1 also behaves l ike  r as r,,, -+ m 2  recognizing t h a t  V i s  s l ior t  

range. In any even t ,  even i f  one could f i n d  sonic i t e r a t i o n  o f  

(164a) t h a t  r e t a ined  a l l  p terms i n  an i n t e g r a l  of convenient 

1 2  CJ I- I:! 

.- _- 9 
& 

- -2 
o r  t ransparent  rorm, there  remains the  complication tha t  the  p 

con t r ibu t i cn  t o  (160) [ i . e . ,  t o  (164a)I was obtained i n  s e c t i o n  C . 3  

by app l i ca t ion  of t he  p r i n c i p l e  of s t a t i o n a r y  phase. 

can b e  sccn that  t h i s  netliod of ob ta in inz  the  p cont r ibu t ion  

It r e a d i l y  
- -2 

amounts t o  coqmt ing  the  lead ing  t e r m  i n  an expansion i n  powers of 

- -2 - P -'I2. 

(164b) , o r  t o  any p 

vi11 be p con t r i 5 u  t i ons 

Therefore ,  along with the  p cont r ibu t ion  t o  (160) o r  

-- -2 . - - re ta ining i t e r a t i o n  the reo f ,  there genera l ly  

- -5/2 

It follows (from the material presented thus f a r  i n  t h i s  

subsec t ion)  t h a t  i t  is  very d i f f i c u l t  t o  f i n d  any set  of s c a t t e r i n g  

terms--or, equ iva len t ly ,  any set of s c a t t e r i n g  diagrams--which represent  

the anomalou8 

three-body s c a t t e r i n g  con t r ibu t ions  

(+) without any t r u l y  double s c a t t e r i n g  p a r t  of 5 i 
and which theref  ore  could be 

sub t r ac t ed  from CP - t o  y i e l d  the  e n t i r e  zit(+)e I n  t h i s  i 

- d(+) of (162) --which, according connection i t  is worth no t ing  t h a t  @ 

t o  t h e  Penultimate paragraph above lies wholly i n  zi (+) --can be 

thought t o  r e s u l t  from s c a t t e r i n g  processes  involving no less than 

i 

th ree  success ive  purely two-body c o l l i s i o n s .  It has been explained 
- 

above t h a t  interchange of order  of i n t e g r a t i o n  and l i m i t  5 + 1 I ;f 
i n  (162) is j u s t i f i e d  f o r  e s s e n t i a l l y . a l 1  3 .f- v' thus  w e  ob ta in  

Apf 

as, e.g. ,  i n  Eqs. (133) 

(165a) 
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(165b) 

N o w  consider, e . g . ,  the f i r s t  term on the right s i d e  of (165b); i n  

particular, consider the contribution t o  5 (-I*, 

the F,,f (-I* part of qf(-)*,  where \y 

From Eq (161d) 

5 ’(+) made by f 23 12 
(-I* is  given by Eq. (136) - 23f 

The f i r s t  term on the right s i d e  of (166a) can b e  speexpressed, as in 

Eqs. (137), i n  the interpretable. form 

(166b) 
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- 
where TuB and E 
i n t e g r a l  (166b) obviously corresponds t o  a diagram wherein there  are 

th ree  success ive  pure ly  two-body s c a t t e r i n g s :  

3, 1; next  of the  p a i r  1, 2;  and f i n a l l y  of t h e  p a i r  2 ,  3. S i m i l a r  

r e s u l t s  hold f o r  the  o the r  terms on the  r i g h t  s i d e s  of (165b) and 

(166a). Moreover, f u r t h e r  i t e r a t i o n s  of (-I* i n  (165b), o r ,  e.g., 

are evaluated a t  the complex energy E' + i c .  The F 

f i r s t  of t h e  p a i r  

f 

i n t e g r a l s  corresponding t o  even h igher  order  s c a t t e r i n g  diagrams. 
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4.3.2 Volume D2endence of T r ip l e  ____I_ Scatterin-g -- - - _--__ Contributions __ -- -.- - 
The i n t e g r a l s  (165b) are convergent, except poss ib ly  along 

- ---- ----- I----- 

s p e c i a l  d i r e c t i o n s  Icf [for given 

i n  (165b) may be logar i thmica l ly  divergent  Lsee sec t ion  B.21. 

where some of the  i n t e g r a l s  

However, t he re  is no reason t o  think t h a t  the cen te r  of mass 

frame p robab i l i t y  cu r ren t  flow 7 of Eqs. (127)--when in t eg ra t ed  
- 

over an i n f i n i t e s i m a l  range 

(here  meaning i s o l a t e d )  Sf where Td(lc, + lcf) from (165b) is 

undefined--receives f i n i t e  cont r ibu t ions  from these comparatively 

dfsf i n  the  v i c i n i t y  of these  s p e c i a l  

weak divergences [ see  s e c t i o n  B.21. Thus t h e  poss ib l e  ex is tence  

of these  s p e c i a l  ,kf seemingly does not requi re  r e i n t e r p r e t a t i o n s  

along t h e  l i n e s  of s e c t i o n  4.2, i .e. ,  seemingly does not  introduce 

any anomalously T-dependent cont r ibu t ions  i n t o  t h e  r eac t ion  

c o e f f i c i e n t  w( i  + f )  . Moreover, there  is  no ind ica t ion  t h a t  t h e  

i n t e g r a l s  (165b) contain any o the r  gf-dependent p a r t s  which--af ter 

squaring--wil l  be non-integrable over dk 

(127c)]. Therefore,  i t  does seem t o  be t r u e  t h a t  the doubly- 

’(+) (E) of (162)--comprising cont r ibu t ions  from i t e r a t e d  5 

numbers n - > 3 of successive two-body co l l i s ions- - in  essence behaves 

asymptot ical ly  l i k e  

three-body s c a t t e r i n g  [a concluded i n  subsect ion 4.3.1 1. 
t h a t ,  as i n  the  case of the  s p e c i a l  3 

i t  has  n o t  been shown t h a t  the  s p e c i a l  lcf of the  present  subsect ion 

a c t u a l l y  e x i s t ;  r a t h e r ,  because t h e i r  e f f e c t s  apparent ly  are 

kecall the  form of Eq .  r.f 

i 

(+) (,,., r*’.’ ;E) and e n t i r e l y  represents t r u l y  
-z 

I remark - 
discussed i n  subsect ion 4.3.1, 4 

inconsequent ia l  for t h e  purposes of t h i s  work, i t  is not  worth t h e  very 

considerable  e f f o r t  which would be required t o  decide whether o r  

no t  the logar i thmic  divergences of (165b) eve r  can occur a t  phys ica l ly  

allowed real sf e 

of real o r  imaginary values  of bf where (165b) is logar i thmica l ly  

Nor is the re  any evidence t h a t  the  poss ib le  ex is tance  
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divergent  should be associated with a c t u a l  s i n g u l a r i t i e s  of 

Td(lci -f S f ) ,  computed via a n a l y t i c  cont inuat ion cas a funct ion 

of if f o r  f ixed  $1 from values  of Td(k+ -f lcf) for which the  

i n t e g r a l s  (165b) su re ly  are well-behaved; i t  is conceivable,  for 

ins tance ,  t h a t  the  logari thmic divergences of t h e  i n t e g r a l s  (165b) 

a t  s p e c i a l s f  have no physical  s ign i f i cance ,  bu t  simply are 

manifestat ions of t he  f a c t  t h a t  the interchange of order  of 

i n t e g r a t i o n  and l i m i t  -+ 

s p e c i a l  ,gf. 
d i scuss ion  following Eq. (48)--that the  i n t e g r a l s  (165b) are convergent 

except  poss ib ly  on an inconsequent ia l  subse t  of the  allowed real 

k whereas the  i n t e g r a l s  (133b) always are d ivergent ,  although J-f’ 

it is t r u e  t h a t  t he  divergences i n  (133b) arise from &-functions 

(135) which can be considered non-contributory except when t h e i r  

arguments vanish.  

I I 5, i n  (162) is  n o t  j u s t i f i e d  a t  

It  does seem worthwhile t o  stress--much as i n  the 

To f u r t h e r  confirm our  conclusion t h a t  - ai d(+) represents  

t r u l y  three-body s c a t t e r i n g ,  I now s h a l l  demons trate--by arguments 

along the  l i n e s  of subsec t ions  4.2.1 - 4.2.2--that th ree  o r  more 

successive binary c o l l i s i o n s  cannot make cont r ibu t ions  t o  the  

three-body r eac t ion  c o e f f i c i e n t  G( i  -f f )  which increase as any p o s i t i v e  

power of T. Consider, e.g. ,  the  sequence of th ree  two-body s c a t t e r i n g s :  

1, 2 c o l l i d e ;  2,  3 c o l l i d e ;  3 ,  1 c o l l i d e .  Then, as i n  subsect ion 4.2.2, 

I f i n t  compute the  reaction rnte f o r  the  above z e y m c c .  m d c r  t?ie 

c L r r _ l i ~  tnnces that tlie volt-me T contains ? v . c i s e l y  one p m t i c l e  of 

each specfes c), b f t e r  the col l is i -on hptween 2 an6 3, d 1 e ~ ~ 7 7 e r  it 

m y  take p lace ,  the laborator]. fra% speed and d i r e c t i o n  with which 

3 moves through T a re  s t r i c t l y  cor re la ted .  It  fo i lows  tllzt iu 

order t u  rescatter fsor2 pa r t i c l e  1 

Ly tIic Iirst cr^.lL?.ision Letmen 1 a d  2-part ic le  2 rnust be  scattered 

rLiiose t r z j cc to ry  Iia, ; C E L L  +i*-ed  



Tiiis r e s u l t  f o r  t3 ' corrcsponcis t o  the  i n c i d e n t  7:ave ji,' of (15Ga), 

s o  tliat the lckora tory  frame w ( i  -+ f )  is  propor t iona l  to 

T T  = T ~ / ~  iniplying t h i s  seqtence of t h r e e  binary co1l:sLicjns 

makes a cont r ibu t ion  t o  W(i -t f )  v:iic:r is propor t iona l  t o  T 

t 

3 --7/3 

-1/3 

s c a t t e r i n g s ,  i f  observable a t  a l l  i n  a l a r g e  volume T ,  w i l l  be 

ind i s t ingu i shab le  from cand apparent ly  should be  included in] what 

I have termed t r u l y  three-body s c a t t e r i n g .  Note t h a t  t he  diagram 

corresponding t o  (166b) r ep resen t s  successive two-body s c a t t e r i n g s  i n  

which energy i s  no t  necessa r i ly  conserved i n  t h e  in te rmedia te  states 

(e.g. ,  between the f i r s t  3,l s c a t t e r i n g  and the second 1 , 2  s c a t t e r i n g ) ;  

t he  phys ica l  pure ly  two-body s c a t t e r i n g s  y i e ld ing  t h e  j u s t  es t imated 

t -1'3 con t r ibu t ion  t o  G ( i  -+ f )  are energy-conserving, and the re fo re  are 

only a subse t  of t h e  whole class of t h r e e  success ive  two-body s c a t t e r i n g s  

represented  by the diagram corresponding t o  (166b) [see subsec t ion  5 . 3 . 3 1 .  
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5. THE PHYSICAL THREE-BODY TRANSITION AMPLITUDE 

This ,  our  f i n a l  chapter ,  is concerned with an attempt t o  a c t u a l l y  

determine a u s e f u l  expression f o r  the phys ica l  three-body t r a n s i t i o n  

amplitude T (A -+ lcf) 

Tt(& -+ lcf) us ing  mathematically defens ib le  procedures is  imprac t ica l ;  1 

t o  avoid extremely d i f f i c u l t  and complicated c a l c u l a t i o n s ,  employment 

of some n o t  obviously j u s t i f i e d  mathematical s h o r t  cu t s  seems necessary.  

One such p l a u s i b l e  attempt t o  determine T t ( h  + b f )  a c t u a l l y  is  c a r r i e d  

out i n  s e c t i o n  5.1. 

is shown t o  be cons i s t en t  wi th  d e t a i l e d  balancing i n  s e c t i o n  5,2, while 

i t s  i n t e r p r e t a t i o n  is discussed i n  s e c t i o n  5.3 .  Sect ion  5.3 a l s o  compares 

the  conf igura t ion  space expression f o r  Tt(k --as w e l l  as f o r  t h e  

e n t i r e  "Qi -+ k )--with the  corresponding expressions i n f e r r e d  v i a  the  

more customary momentum space procedures. 

-t A s  s e c t i o n  5 .1  exp la ins ,  a t tempting t o  f ind  

I '  

The formula f o r  Tt(& -+ k ) obtained i n  t h i s  fashion 4 

e$ -+ !Q 
e 
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5.1~erivatfon by Subt rac t ion  of 6-Functions - ----I__- I --I_--- -_  - - -  

Among the  concerns of the  preceding s e c t i o n  has been the p o s s i b i l i t y  

of expressing - ip i n  the  form i 

- a(+) is t h a t  p a r t  of - CPi ('I which r ep resen t s  unwanted cont r ibu t ions  where @ i 

such as anomalous double s c a t t e r i n g ,  b u t  which is wholly de 

t r u l y  three-body s c a t t e r i n g  cont r ibu t ions .  I n  Pact ,  subsec t ion  4 .3 -1  

has examined--and found to be imprac t ica l  though n o t  obviously impossible-- 

a(*) e namely by seeking a set  of i one suggested means of cons t ruc t ing  5 

s c a t t e r i n g  diagrams which s e p a r a t e  out the  anomalous double s c a t t e r i n g  

Al t e rna t ive ly  - s(+) 
i om the  t r u l y  three-body cont r ibu t ions  t o  @ 

one could try t o  f i n d  a closed form a n a l y t i c  expression f o r  

by car ry ing  th  ough the  calculation--of t he  asymptotic form of CPi 

ou t l i ned  i n  s e c t i o n  E.3. A glance a t  subsec t ion  E . 3 , 1 ,  howe 

Eq. (E40b) and the d i s c u s s i o n  immediately thereafter--makes i t  ev ident  

t h a t  t h i s  suggested procedure f o r  f ind ing  - CPi a(+) also is  not  very 

p r a c t i c a l ,  though again n o t  obviously impossible,  It is  understood of 

course,  t h a t  merely completing the  c a l c u l a t i o n  i n i t i a t e d  with Eq.  ( 

[a l ready  an arduous enough t a sk  3 would be fnsuf f l c i e n t  because the  

asymptotic form r e s u l t i n g  from t h i s  ca l cu la t ion  will be  s i n g u l a r  at 
- 

= 0 ,  and w i l l  inc lude  con t r ibu t ions  behaving as p - -5/2 a t  l a r g e  p ;  

- "+I i s  an what must be sub t r ac t ed  from CP i 
- -512 = 0 and hiss no p 

- -2 part at  l a r g e  i s  

t o  c o r r e c t l y  y i e l d  5 '(*) 

a(+)(;) which is f i n i t e  a t  expression 5 i 
components at l a r g e  P, b u t  whose leading p 

i d e n t i c a l  with the l ead ing  asymptotic part of ip 

i 

Iv 

- s(+> ( f )  e 
i u 
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For many purposes--e.g. the cons t ruc t ion  of v a r i a t i o n a l  p r i n c i p l e s  

f o r  three-body e las t ic  scattering--complete knowledge of the  asymptotic 

behavior of Qi - may be e s s e n t i a l  

conceivable t h a t  only p a r t i a l  knowledge of t h e  mptot ic  behavior of 

(38) On the  o the r  hand, i t  i s  

'(+)--in p a r t i c u l a r ,  only pa t i a l  knowledge o 8i 
of - Qi t(d-) i n  (168)--can s u f f i c e  t o  determine the  phys ica l  three-body 

he asymptotic behavior 

s c a t t e r i n g  amplitude Tt(lci -p lcf). 

F t (k i  + k -f ) without  having to  car through e i t h e r  of t he  d i f f i c u l t  

ca l cu la t ions  discussed i n  the  preceding paragraph. It seems clear, 

however, t h a t  any argument which l eads  t o  Tt(k 

t(+)(r)--or *u of i ts  leading  -5/2 p a r t  a t  the  i exac t  cons t ruc t ion  of T 

very least--will have t o  involve some mathematically ques t ionable  s t e p s ,  

i .e. ,  w i l l  lead t o  a poss ib ly  erroneous r e s u l t  f o r  T . Nevertheless ,  

because determinat ion of Tt(k + lcc) has been a major ob jec t ive  of t h i s  

work [ r e c a l l  our opening remarks i n  chap te r  1 1 ,  I now s h a l l  desc r ibe  

an at tempt  t o  deduce Tt(k +- k ) v i a  a p l a u s i b l e  argument which indeed 

does avoid f ind ing  f i r s t  t he  lead ing  p' -5/2 p a r t  of z i t ( + ) ( i ) -  

Thus it  may be poss ib l e  t o  f i n d  

+ k ) while  avoiding Kt If 

-t 

-i 

-i 1-f 

We have seen t h a t  TS(k -+ 5 ) of (133b) conta ins  6-functions (135), *-i f 

a sc r ibab le  t o  the  f a c t  t h a t  t h e  interchange of order  of i n t e g r a t i o n  

and l i m i t  E + 

erroneous a s s e r t i o n  (133a) 

i n  (132) w a s  u n j u s t i f i e d ;  t h i s  interchange 

(+I (PI conta ins  whereas a c t u a l l y  Fi 
I-c( - -z 

cont r ibu t ions  behaving l i k e  p a t  l a r g e  p'. 

able  t o  express  TS of E q s .  (133) i n  the  form 

Suppose, t he re fo re  I a m  

*p (169a) 

where Tt is wholly composed of convergent i n t e g r a l s  [except  poss ib ly  
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f o r  inconsequent ia l  logari thmic divergences a t  s p e c i a 1 2 f ,  recall 

subsect ion 4.3.23, whereas f a  is a sum of terms propor t iona l  t o  

&funct ions and thus has  no f i n i t e  p a r t .  

t h i s  work, e spec ia l ly  t h e  rules and d i scuss ion  a t  the  end of subsec t ion  

4.1.3, i t  seems reasonable t o  i n f e r  t h a t  "a($i + s f )  i n  (169a) represents  

- r) which behaves 

Then from the  e n t i r e  body of 

i bu t ion  to  TS(ki r- + k f )  from t h a t  p a r t  of (Pi (* 

components a t  l a r g e  P. - -2 - -512 l i k e  p 

I n  o the r  words, i t  seems reasonable t o  conclude t h a t  Ta(k -+ k ) is the  

cont r ibu t ion  t o  TS(k -+ k ) made b'y Tia(+)(;) - of (1681, implying 

a t  l a r g e  6, b u t  which has  no p 

P i  -f 

-i -E 

-+ k ) of (169a) w i l l  be the des i r ed  e n t i r e  t r u l y  three-body "%i 4 

- t(')(F)e i Iy 
s c a t t e r i n g  amplitude assoc ia ted  with Q 

conclusion, though reasonable enough depends on a number of unproved 

assumptions. For ins tance ,  I am assuming t h a t  any mathematically w e l l -  

behaved p 

of zis(+)(;) which i s  f i n i t e  a t  r = 0 and propagates t o  i n f i n i t y  without 

r e s t r i c t i o n  i n  the six-dimensional ;-space recall the d iscuss ion  a t  the  

end of subsec t ion  4.1e3]--indeed is  everywhere outgoing, L e e 9  behaves 

everywhere a t  i n f i n i t y  l i k e  the  outgoing E ("(k;;') 

f r e e  space Green's futnctioa E '-)(;;?'). 

u n j u s t i f i e d  interchange of order  of i n t e g r a t i o n  and l i m i  

i n  (132) is n o t  so wrong t h a t  (169a) becones a q u i t e  misleading ind ica t ion  

of the a c t u a l  form of f t ,  Without making these  and similar assumptions, 

t h e r e  is l i t t l e  b a s i s  f o r  arguing t h a t  Tt  ) obtained from (169a) 

and (133b) can be  i d e n t i f i e d  with t h e  l t t m l y l l  three-body t r a n s i t i o n  

amplitudes of Eqs. (3) - ( 4 )  Of course,  e l i c i t  vexif i c a t i o n  of these  

assumptions would involve f ind ing  closed form a n a l y t i c  expressions f o r  

a(+) ( r )  and z i t (+) ( j )  an imprac t ica l  t a s k  [as explafned a t  the  beg 

of t h i s  subsec t ion]  whose perf  ormance--i f achieved--s imul taneous l y  would 

obvia te  the  need f o r  computing the  phys ica l  Tt(hi +bf) via  the  present 

I stress t h a t  t h i s  

'(+) (;)--that is t o  say ,  any component - -512 
#- 

r-4 M 

,--- 

no t  l i k e  the incoming F *- 

I also a m  assuming t h a t  t h e  F - 4  

- 
'i )u 

dub ious argument 
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Crantiny, elie legi t imacy of using (133b) and (169n), Tt(k + k f )  

is  found as follows. I n  the  terns on the r i g h t  s i d e  of (133b) involving 
td c' 

raa 

(169b) 

which is the  time-reversed analogue of (86) w r i t t e n  in the  n o t a t i o n a l  

s t y l e  of (100b) o r  (105d) % . e .  with  t h e  Green's func t ion  on the  r i g h t ,  

as h e r e  w i l l  be convenient;  Eq. (169b) a l s o  can b e  i n f e r r e d  d i r e c t l y  

from t h e  c e n t e r  of m a s s  analogue of the  second e q u a l i t y  i n  (65b) ,  v ia  
- (-1" - (-)* 

'31 t h e  methods of chapter  3, Furthermore, i n  the Yf and Yf 

terms of (133b) use  r e spec t ive ly  t h e  2 ,3  and 3,1 analogues of (16%) e 

Then, employing Eqs. (161) as w e l l ,  one obta ins  

(169c) 

i n  p lace  of (133b), where Td(k +- k,c) %is given by (165b). The same Eq.  

(169c) is obtained from the  interchange of order  of i n t e g r a t i o n  and 
Mi 

I I .xf in t he  r i g h t  s i d e s  of Eqs, (161) - (162) ; of course,  
I% 

t h i s  interchange--though j u s t i f i e d  



19 1 

i n  subsect ion 4.3.1]--is u n j u s t i f i e d  i n  the Q, 

[recall  the d iscuss ion  of Eqs. (132) - (135) 1. 

Returning Row t o  t he  d iscuss ion  of Eqs. (135) - (137) i n  subsect ion 

terms of Eqs. (161) 
UB 

4.1.3, one sees from comparison of Eqs. (169c) and (133b) t h a t  a l l  the  

double-scat ter ing &-functions of type (135) cont r ibu t ing  t o  ??(k.i -t k f )  

are e n t i r e l y  contained i n  the  i n t e g r a l  on the r i g h t  s i d e  of ( 1 6 9 ~ ) ;  i n  

p a r t i c u l a r ,  ( a  term propor t iona l  t o >  the s p e c i f i c  6-function (135a) 

(+I term i n  ( 1 6 9 ~ ) .  L e t  us ; 
23f 23 1 2  arises e n t i r e l y  from the  F 

consider  t h i s  term, therefore .  Using Eqs .  (721, (10%) and (1361, one 

f inds  

J 

(-1" i n  Eq. (129a1, i . e . ,  is defined as was u 
C 23cf where u 

(17Ob) 

with +23f (-I* given by t h e  2,3 analogue of (105c) e Replacing the  

i n t e g r a t i o n  va r i ab le  rr23 q by z12, t h e  dix-dimensional i n t e g r a l  (170a) 

f a c t o r i z e s  [compare Eqs. (E25b) - (E26b)l i n t o  a product of two independent 

three-dimensional i n t e g r a l s  , namely 
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where i n  t h i s  chapter  I henceforth s h a l l  employ the  n a t a t i o n  [compare 

(E264 1 

(171a) 

along with 

(171b) 

The i n t e g r a l  over dEZ3 i n  ( 1 7 0 ~ )  i s  convergent, and in f a c t  can be 

i d e n t i f i e d  with a matrix element of 523 [ see  s e c t i o n  E . 4 1 .  

over d r  i n  ( 1 7 0 ~ )  f a i l s  t o  converge, and i n  f a c t  contains  a cont r ibu t ion  

propor t iona l  to  the  6-function (135a), as w a s  o r i g i n a l l y  shown i n  s e c t i o n  

B.2 ;  t h e  exac t  magnitude of t h i s  8-function (135a) cont r ibu t ion  t o  (170c), 

as w e l l  as of a second r e l a t e d  &-function cont r ibu t ion ,  i s  computed i n  

s e c t i o n  E . 4 .  

The i n t e g r a l  

P 12 

S p e c i f i c a l l y ,  s e c t i o n  E.4 shows t h a t  
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(172a) 

where P A = while the t r u l y  two-body t r a n s ~ ~ i o ~  operators 

(third part ic le  completely irrelevant and absent) ,LBi 
elements, are defined by Eqs. (131e) - (13l f )  togethe with the shorthand 

no tabion 

w12 = ‘12%2; 

and the ir  matrix 
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The no ta t ion  (172c),  though not employed i n  (l72a), w i l l  be made u s e  of 

belaw. 

I n  (172a), i n t e g r a l s  of the  i n d i v % d u d  terns9 eBg. of t h e  term 

However, the  6-function te i n s i d e  the braces in (172~8) cancel  the  

-2 leading (% r12 ) terms i n  the  asymptotic expansion o f  e 

i n  o the r  words, provided i t  is  t r e a t e d  as a s i n g l e  :12-dependent func t ion ,  

the quant i ty  wi th in  %he braces i n  ( l72a)  is o f  order  

a t  l a rge  rP2" Consequently t he  in$egrssl involving the  b 

f a i l s  t o  converge only a t  she s p e c i a l  values  of ,IC% satis 

for given k 

i n  (3.70~) 1 diverges  a t  a l l  k19k12fe 

i n t e g r a l s  on the  r i g h t  s i  e of (11724 --multiplying the  matr ix  elements 

< kl2i~Al - t la i  Ibl2i > and 

d ivergent ,  i . e .  ser ic t ly  speaking are mathematically undefined. To 

accomplish our  present  ob jec t ive  0% f ind ing  an expressi~n for 'E (& +IC+) 

-1 i(klzi * A)r12 
e 

2 

whereas t h e  l e f t  s i d e  of (l72a) [%he f i r s t  i n t e g r a l  f a c t o r  di 

The remaining p a i r  of one-di 

- k12 i&J $12 i h 2 .  i > respec$$vely--are obviously 

-t 

of (169a), is i s  necessa t o  somehow ineerpret these  last two divergent  

i n t e g r a l s  on the  r i g h t  s i d e  of (172a) e There is  PO doubt b u t  t h a t  t he  

convergent f i r s t  i n t e g r a l  on the  r i g h t  s i d e  of (172a) cont r ibu tes  wholly 

t o  Tt(ki + kf)* The problem is t o  decide whether or no$ the  lasg 

side of (172a) also cont r ibu te  t o  + lcp); 

r e f e r r i n g  t o  the  d iscuss ion  f o % l m i n g  Eq. ( 1 6 9 ~ 4 ) ~  t h i s  problem 

o r  not t h e  i n t e g r a l s  i n  question p laus ib ly  can be 

i n t e r p r e t e d  as a sum o€ term propostiond. t o  6-functions, wi th  no 

r e s idua l  f i n i t e  parts a 
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5 - 1 . 1  Formula for  i t ( k  +lcf) 
h i  

It is argued in sec ion E . 4  that the relat ions 

x e  ..s 

P b 

(173a) 

(173b) 

provide a plausible interpae ation--as a func 

integral on t h e l e f t  s i d e s  of Eqs. 

the more customary formula (42) 

i 
.1D sce c 

J 

(973). Eqs. (173) s i s t e n t  with 

(174a) 

where P s+@ 

it is asserted that for any reason 

es the principal p 
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Use of E q s .  (173) i n  (172a) s p e c i f i e s  t h e  magnitudes of the  6-function 

cont r ibu t ions  t o  ? 

how t o  express  t h i s  \y 

(169a). Thus [ see  s e c t i o n  E.41 w e  conclude from Eqs,  (169a) and ( 1 6 9 ~ )  

5 (+I of (170a) thereby making i t  obvious 23f 23 12 

) i n  t h e  form i 
(-)*v 5 

2 3f 23 12 (+I p a r t  of F 

t h a t  

(1  75a) 

2 2 
where f o r  A kIzi 
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(_115c) 

In Eq8. (175) we employ t h e  no ta t ion  ( 1 7 2 ~ )  

c - *e 

a% always. 

along with 531 * '312319 

a t t e r e d  waves # (+) are given by Eqs = (73) , 
. -  - re U 

of Eqs. (175) are c y c l i c  -t -t 
T1231 The q u a n t i t i e s  T3123 , 

-t 
permutations of Tt ; t h e  q u a n t i t i e s  Tt are c y c l i c  permutations 

of . Evidently T2312 

2312 3112 ' T1223 
-t 

+ k ) is  t h e  con t r ibu t ion  t o  Tt(ki -+ lcf) (,ki emf 

made by F 23f (-I-* !23?f2 -- w ( ( $ 6 9 ~ )  ;i T:381iQsttaRec~~~~=~~~~ 

8 (+I. In  (175b), as i n  its genera t ing  expression (172a), 
- -_ - 

b3r! F23f 23 331 -- * _ ~  

* i n t e g r a l s  of the  i n d i v i d u a l  te=thin the br8ces 1e.g. of t h e  te 
- ilE12.4 (''1 do set converge, b u t  the entire i n t e g r a l  in (17Sb) doe 412 e 

converge provided the  q u a n t i t y  wi th in  the  bmzes is t reaeed  

r -dependent funct ion.  Eq. (173a) means ' t ha t  t h e  d ivergent  i n t e g r  *12 
. 7). 

i n  (172a) have r e s i d u a l  f i % i t e . p r r t s  i n  a d d i t i o n  t o  t h e i r  6-fgnct 

p a r t s  from (173b); these r e s i d u a l  p a r t s  are t h e  terms Qt under the  i 

sign in (175b). Eq. (175b) does not spec i fy  

(although of course anly  A - k12i can occur f q r - r e a l  ki,kf,b 
w, . 1 



198 

by d e f i n i t i o n ) ;  i n  f a c t ,  as w a s  the case f o r  the  corresponding i n t e g r a l  

121 1, at A = 2 k the  i n t e g r a l  i n  (175b) is  logar i thmica l ly  d ivergent ,  

i.e., s t r i c t l y  speaking i s  mathematically undefined. That t hese  def 

of (175b) a t  A = 2 k12i are inconsequent ia l  f o r  t h e  purpose of t h i s  

publ ica t ion  has been explained i n  subsec t ion  4.3.2; i n  any event ,  t he  

experimenter a t tempting t o  measure t r u l y  three-body s c a t t e r i n g  would not  

be p lac ing  h i s  counters  a t  loca t ions  c o n s i s t e n t  wi th  A = k12i9 because 

these  loca t ions  a l s o  are those a t  which t h e  argument of the  6-function 

(135a) vanishes  [recall the remarks at the  end of subsec t ion  4.2.21. 

The r a t h e r  awkward form of t he  r i g h t  s i d e  of (175b) a c t u a l l y  reduces t o  

a q u i t e  convenient and r e a d i l y  i n t e r p r e t a b l e  e 

subsect ion 5.2.3 below] 

r e s s ion  f o r  T' Isee 

Simi la r  remarks [ t o  those of t h i s  paragraph] 
2312 

p e r t a i n  t o  Eq. ( 1 7 5 ~ ) ~  which converges except  when C = .2 kglie 

The de r iva t ion  of Eqs. (175) [ sec t ion  E.41 simultaneously shows t h a t  

i n  (169a) 

(176a) 

where 
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-a -a The q u a n t i t i e s  T3123, T1231, i n  (176a) 

-a -a -a -a 
T1223 T2312; t h e  q u a n t i t i e s  T3112, 

a r e  c y c l i c  permututions of 

2331 ' a r e  c y c l i c  permutations of T 

Evidently Fa (Is -+ ,$> is  t h e  con t r ibu t ion  t o  Ta(lci 3. %) made by 2312 i 

is  the  con t r ibu t ion  to Ta made by (-I*, 5 (+I i n  ( 1 6 9 ~ ) ;  T2331 -a - 
'23f 23 1 2  
- (->*, ; (+> 
'23f 23 31 ' 

I n  Eq. (176b), only the  second 6-function on . the  r i g h t  Ban have a 

vanishing argument at  real k ,k Referr ing t o  Eq. (171a), one sees 

e x p l i c i t l y  t h a t  t h i s  second term on t h e  r i g h t  s i d e  of (176b) is propor t iona l  

H i  *f .  

t o  p r e c i s e l y  the  6-function (135a) i n t e r p r e t e d  i n  4.1.3. 

Eqs. (137) - (139) and t h e  d iscuss ion  thereof  showed t h e  presence of 

I n  pa r t i cu la r ,  

t he  6-function (135a) could be i n t e r p r e t e d  as r e s u l t i n g  from two independe 

success ive  two-particle scatterings--namely f i r s t  p a r t i c l e s  1, 2 are 

s c a t t e r e d  by each o the r ,  a f t e r  which p a r t i c l e  2 is s c a t t e r e d  by 3. 

p r e c i s e  form of the 6(klZi - A) term i n  (176b) is  cons i s t en t  with t h i s  

The 
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i n t e r p r e t a t i o n ,  i n  t h a t  t h i s  term is propor t iona l  t o  t h e  product of t h e  

t r u l y  two-body matrix elements 

Indeed, a t  k 

matrix element e k12,y,1512i 1, 
is i d e n t i c a l  w i th  A of (171a), which i n  tu rn  is  i d  tical with the in te rmedia te  

( a f t e r  t h e  f i r s t  s c a t t e r i n g )  k12 of Eq e (138) - (1391, because--using 

(29) and (138) as w e l l  as I& = 

k12i2Als12ilk12i > and < $23f I t,2srl - ,B >. 

A, t h e  f i n a l  relative m ntum k12iyA i n  the  two-body 121 

> assoc ia ted  with t h e  f i r s t  1, 2 s c a t t e r i n g  k12i 

4 

1 
Y 

I 

and Slf = il-- 

Simi lar ly ,  

Eq. (177b) shows, hat--in the  6(k12 - A) tern of (176b)--the i n i t i a l  

momentum -5 i n  t h e  two-body matr ix  element < k 

with t h e  second 2,3 s c a t t e r i n g  is i d e n t i c a l  with t h e  in te rmedia te  &' ' 

It I - B > assoc ia ted  e23f e23f w 

23 * 

r ,  a t  k = A t h i s  second s c a t t e r i n g  m a ~ ~ i x  element .( lc23f I - ,! >-- 12 It 
l i k e  the  f i r s t  s c a t t e r i n g  matr ix  element e k12i~Al~12iIlc,2i >--is on the  

two-bpdy energy s h e l l  [i.e. B = k23f] because 
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implies  

(178b) 

But conservat ion of t h e  t o t a l  energy of t he  th ree  p a r t i c l e s ,  a long with 

K = R f u r t h e r  implies  [ v ia  E q .  (35)l t h a t  4 -f’ 

( 1 7 8 ~ )  

2 2 
= k23f U s e  of E q .  (178c) t o  e l imina te  k12i i n  (178b) immediately y i e l d s  B 

[ r e c a l l i n g  E q s .  (29e) and (29f) 1. 

S i m i l a r  cons idera t ions  t o  those of the  preceding two paragraphs 

p e r t a i n  t o  the c y c l i  t a t i o n s  of (176b), as w e l l  as t o  ( 1 7 6 4  and 

i t s  c y c l i c  permutations.  I n  p a r t i c u l a r ,  t he  precise form of the  

b(k31i - C) term i n  ( 1 7 6 ~ )  is cons i s t en t  with the  i n t e r p r e t a t i o n  t h a t  t h i s  



202 

term r e s u l t s  from the  purely two-part ic le  s c a t t e r i n g  of 3 and 1, followed 

by a second purely two-particle s c a t t e r i n g  of 3 by 2. More s p e c i f i c a l l y ,  

a t  k31i 2 C i t  can be seen t h a t :  

i s  i d e n t i c a l  with the  expected in te rmedia te  ( a f t e r  t h e  f i r s t  3, 1 

s c a t t e r i n g )  

intermediate  ,kas; 

(i) the  vec tor  -kglpc = -E of (171b) 

( i i )  t he  vec tor  D now is  i d e n t i c a l  with t h e  expected 

now D 5 k23f, so t h a t  each two-body matrix 

#w 

I 
( i i i )  

element mult iplying 6(k31i - C) i n  ( 1 7 6 ~ )  l ies on the  two-body energy 

s h e l l  e 
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5.2 Detai led Balancing 

From very genera l  time reversal considerat ions(39)  one expects  t h a t  

the  mat r ix  elements of t h e  t o t a l  three-body t r a n s i t i o n  opera tor  T [defined 

by Eq. (5)1 s a t i s f y  

,-+ 

(179a) 

S imi la r ly ,  one expects  t h a t  t he  t r u l y  t h r e e  body p a r t  of 5 obeys 
U 

(179b) 

For purely two-body collisions--where the  i n t e g r a l s  gf 

$f VSi (+) of Eqs. (126b) and ( 1 3 1 ~ )  always converge, and where correspondingly 

*V$, and 
- *  

t he  s c a t t e r e d  p a r t s  O (-1" are e v e r y d e r e  

outgoing--the r e s u l t  (179a) e a s i l y  is demonstrated(2) d i r e c t l y  from the 

formulas (126b) and ( 1 3 1 ~ ) .  I n  the  - I  three-body case of present  

i n t e r e s t  t h i s  previous demonstration(2) of (179a) is no t  appl icable ,  however, 

because now t h e  i n t e g r a l s  (126b) and (13119 need not  converge, and 

because correspondingly 5 (+) and zf (-I* now are not  everywhere outgoing. 

The t r u l y  three-body amplitudes of Eq. (179b) are expres s ib l e  i n  terms 

i 

of convergent i n t e g r a l s  [as t h e  last s e c t i o n  5.1 has  shown], b u t  these  

expressions are so  complicated t h a t  t he  previous two-body proof(2)  of t he  

r e c i p r o c i t y  r e l a t i o n  (179a) a l s o  is inapp l i cab le  t o  (179b). Thus i t  is 

needful  t o  i n v e s t i g a t e  h e r e  whether o r  no t  t he  expressions (175) f o r  

) r e a l l y  are cons i s t en t  with the  r ec ip roc i ty  r e l a t i o n  (179b). 
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This  i n v e s t i g a t i o n  is  p a r t i c u l a r l y  necessary because the  formulas (175) 

f o r  ?(s i  += s f )  were der ived on the  ba  s of some mathematically 

quest ionable  (though p laus ib l e )  manipulations,  as discussed i n  s e c t i o n  

5.1. One a lso  could adopt t he  viewpoint t h a t  Eq. (179b) obviously holds  

because--as w i l l  be discussed i n  s e c t i o n  5.3--the formulas (165b) and 

(175) f o r  t h e  var ious  component p a r t s  of Tt(lci +- sf) reduce t o  

momentum space matr ix  elements,  f o r  which t h e r e  presumably are general  

proofs (39) of t i m e  reversal invar iance ;  t h i s  viewpoint doesn ' t  r e a l l y  

s impl i fy  t h e  problem of proving (179b), however, s i n c e  the  proofs of 

d e t a i l e d  balance i n  subsect ions 5.2.1 - 5.2.3 below l a r g e l y  involve 

car ry ing  ou t  t h i s  reduct ion of our  conf igura t ion  apace expressions f o r  

-t T ,  (s i  -+ k ) t o  recognizable  momentum space matr ix  elements. -f 

Recal l ing (175a), t o  demonstrate (179b) it is  s u f f i c i e n t  t o  show 

because (180b) obviously implies  t h e  c y c l i c  r e l a t i o n s  

(180a) 

(180b) 
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(180d) 

as w e l l  as 

E q .  (180e) is  obtained from (180b) by replacing &%, kf with - lcf, - k 

respectively.  
4 
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5.2.1 T r i p l e  and Higher Sca t t e r ing  Terms 

F i r s t  I s h a l l  prove (280a) holds ,  i.e., I s h a l l  prove d e t a i l e d  

balancing f o r  those terms i n  Tt(lci -+ lcf) assoc ia ted  with n 

two-body s c a t t e r i n g s  [recall t h e  d iscuss ion  at  the  end of subsec t ion  

4.3.11. Using Eq. (165b), one sees (180a) is equiva len t  t o  t he  a s s e r t i o n  

3 success ive  

t h a t  

+ (v  +v )5'"-4 11 
I2 73 31% &f 

where 

1 i m i  t 

t h e  no ta t ion  i n d i c a t e s  t h a t  

as E + 0 6f t h e  so lu t ion  t o  

- 
(-I* on t h e  l e f t  s i d e  of (181) i s  t h e  I f  

t h e  cen te r  of mass vers ion  of the 

(-I* on Lippmann-Schwinger equat ion (107a) wi th  JI 

the  r i g h t  s i d e  of (181) is the  l i m i t  as E -+ 0 of t h e  so lu t ion  t o  the  

c e n t e r  of mass vers ion  of (107a) us ing  

of (lOOc), whereas vf f 

(182a) 

S imi la r ly  T12i s(+)(lci) i n  (181) is t h e  quant i ty  def ined by (161d) with 

the  understanding t h a t  i n  (161d) t h e  func t ions  CP 

defined by Eq. (58a) f o r  JIi from (21a), a r e a s  gi2tc+' (- $1 is 

(+) are a$ - @ U B i  
(+I = 
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defined by E q s .  (161d) and (58a) using 

E q s  a (182) togethe with E q s .  (8) and (107a), i diately imply 

(183a) 

Similarly, E q s .  (72) - (73) and (105)--along w i t h  E q s .  (106) and (160)-- 

imply 
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where now--as ays i n  t h e  past--the subsc r ip t  i on the r i g h t  s ie of 

a matrix element is assoc ia ted  with the  inc iden t  wave vec tor  Si9 while  

the s u b s c r i p t  f on the  l e f t  s i d e  of a 

the  f i n a l  w a v e  vec to r  lcfe 

t r i x  element is assoc ia ted  with 

Using the  syrmnetry r e l a t i o n  (95), v a l i d  f o r  a l l  Green's func t ions  

employed i n  t h i s  work, Eq. (183c) permits  rewr i t ing  (184a) i n  t h e  form 

(184b) 

I n  (184b), - Yi 

correspondingly r e c a l l i n g  Eqs e (60) (72) and (105) 

can be  replaced by l i m  yi(E + i & I 9  from (%a) ;  

replaced by 

( 1 8 4 ~ )  0 d 
b 
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Moreover, as written the right s i d e  

convergent integrals .  According t o  

is legitimzite to replace (184b) by 

of (184b) is wholly composed of 

sections 2 .2  and A . 8 ,  therefore, i t  

(185a) 

-t- (v 23 c 23 + v G  I2 Iz ) v  31 c 31 (v t L  +v  23 ) 

where a l l  Green's functions are evaluated at the same complex energy 

X = E' + ic. - 
Similarly, the left  sides of (&80a) and (181) are 

+(v+v ) 6  v (" v f. 
12 23 31 31 23 23 I t  

(185b) 
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I stress t h a t  E q s .  (185) hold even though the  i n t e g r a l  (52b) need no t  

- (+I by 
i converge, i .e.  even though i t  i s  no t  leg i t ima e t o  rep lace  I 

I now show t h a t  t h e  matr ix  elements on the r i g h t  s i d e s  of (185a) 

and (185b) are i d e n t i c a l  a t  every = E + i E  (E > 0) ,  which i s  s u f f i c i e n t  

t o  demonstrate (180a). Because a l l  t h e  Green*s func t ions  i n  E q s .  ( 

are exponent ia l ly  decreasing a t  i n f i n i t y  fo E > 0,  t h e  orders  of 

i n t e g r a t i o n  i n  E q s .  (185) [and i n  subsequent expressions i n  t h i s  subsec t ion]  

can be and w i l l  be  rearranged e s s e n t i a l l y  at  w i l l .  Moreover, t o  ease 

the  notatsional complexity,for t he  moment I s h a l l  drop t h e  b a r s  

i n  E q s .  (185) which here  introduces no e r r o r  even though t h e  r i g h t  

s i d e s  of E q s .  (184 ) - (184b) are not  convergent i n  the  labora tory  

system. 

I n  E q .  (185b) use E q s .  (63) t o  r ep laceg  e ,g . ,  G(V23 f 

G12 - G. Then [also d r  a r i l y  the i r r e l e v a n t  1 

the  matrix element on the  r i g h t  s i d e  of (l85b) reduces t o  

(186a) 
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where i n  going from (186a) to  (186b) I have rearranged the terms i n  G,  

and have noted that VZ3 + Vgl = V - V12, etc. 

E q s .  (63) again i n  the terms involving G, and recall E q .  (77a) as w e l l  

as the manipulations in E q s .  (137) and (166b). Then E q .  (186b) further 

reduces t o  

Now i n  E q .  (186b), use 
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which, r e c a l l i n g  our s t a r t i n g  po in t  f o r  (18 d) w a s  (185b) ~ implies  

f i n a l l y  

(186d) 

(187a) 

A similar [ t o  those employed i n  E q s  e (186a) - ( 1 8 7 4  1 sequence of 

manipulations seduces t h e  r i g h t  s i d e  of (P85a) to  the  r i g h t  s i d e  of 

(187a). Therefore,  t h e  equa l i ty  (180a) has  been demonstrated, 
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It i s  worth remarking t h a t  the changes of sign on the  r i g h t  s i d e  

of (187a) are cons i s t en t  with the  expectat ion t h a t  Td 
t he  cont r ibu t ion  t o  Tt(lci * k ) assoc ia ted  wi th  n - 3 

scatterings--must be i d e n t i f i a b l e  wi th  t h e  matrix element of T minus all 

s i n g l e  and double s c a t t e r i n g  cont r ibu t ions  ; these double s c a t t e r i n g  

con t r ibu t ions ,  contained i n  TS(lci +- k ) of (133b) 

i n  E q s .  (137). Actual ly ,  i f  convergence d i f f i c u l t i e s  are ignored, a 

much s impler  sequence of i t e r a t i o n s  than w a s  employed i n  de r iv ing  (187a) 

from (165b) y i e l d s  [see s e c t i o n  5.3 below] 

- f  

ru 

have been evaluated *f 

- -  - 
where now GF,XaB are evaluated a t  real cen te r  of mass energy Ei = Efe 

The form of (187b) ev iden t ly  is  cons is ten  i t h  (187a),  as 

However, .bkcause both the  r i g h t  and l e f t  s i d e s  of (187b) are composed of 

dive rgen t i n t e g r a l s  containing the  t r i v i a l  and non- t r iv i a l  6-function 

cont r ibu t ions  which have been discussed i n  s e c t i o n  4.11, E q .  (187b) is  

not  a use fu l  fs Ins t ead ,  one 

must use (187a), or--if one wants t o  avoid tak ing  the  l i m i t  E +. 0--the 

o r i g i n a l  formula (165b). 

-d la for a c t u a l l y  computing T (,ki -3- if). 

(l87b) 



214 

I further remark that E q .  (180a) a lso  can be  demonstrated by 

showing that the right s i d e  of (184b) is  precisely the expression one 

would deduce €or T (k -f k ) start ing from the integral equation ( 8 4 c ) .  

Speci f ica l ly ,  i n  ( 8 4 c )  

-d 
P i  .-.f 

using (86).  Thus one infers  

where, as always, X = E + i E .  But in (188b) 

(189a) 
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Therefore, comparing with Eqs. (161) - (162), Oi d(+) is given by the 

terms involving Yi (+) i n  (188b). Correspondingly, using the defining 

E q .  (165a) for  Td(lci -bkf) ,  

- (+.) - (+) 1, 23 G 23 ( V  12 + V  31 ) t V  31 G 31 (V+V 23 I 

(189b) 

The right  s i d e  of (189b) is  seen to  be identical with the [ s l i ght ly  

rearranged] right s i d e  of (184b). 
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5.2.2 Double S c a t t e r i n g  6-Function Terms 

I n  t h i s  subsec t ion  I show t h a t  the amplitudes ""(si * k f )  of (176a) 

a l s o  obey d e t a i l e d  balancing,  i .e. ,  t h a t  

I n  p a r t i c u l a r ,  I s h a l l  prove 

(190a) 

(190b) 

which i s  s u f f i c i e n t  t o  demonstrate (190a) [recall  the  analogous case of 

Eqs. (180)l. It w i l l  be  presumed ( i n  the remainder of t h i s  subsect ion)  

t h a t  f o r  any given k 

momentum conservation. 

be seen; k can be so r e s t r i c t e d  because--for t h e  purposes of t h i s  s e c t i o n  

5.2--detailed balancing need n o t  be inves t iga t ed  f o r  values  of ,ki,,kf 

which cannot occur i n  a c t u a l  c o l l i s i o n s .  

t he  f i n a l  lcf are chosen cons i s t en t  with energy and 

These r e s t r i c t i o n s  on lcf are convenient, as w i l l  

A * i  

1- f 

Referr ing to  (176b), the l e f t  s i d e  of (190b) can be w r i t t e n  i n  the  

f o m  
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where we have used 

(19 la) 

summed over a l l  roots xr satisfying f(xr) = 0, 

(171b) and (176~1, 

Similarly, from E q s ,  

- C192a) 



2 18 
where 

(192b) 

When k ,k are replaced by ",keg -k r e spec t ive ly ,  Eq. (192b) 

-,A r e spec t ive ly ,  where A, B 

-i 4 4 
A h  

implies  t h a t  C, D are replaced by 

again are the  vec tors  def ined i n  (171a). 

-z9 
f.- ," r- 

Therefore 

Now, as explained a t  the very beginning of t h i s  s e c t i o n ,  w e  know t h a t  

t h e  matrix elements of t he  two-body opera tors  do obey 

d e t a i l e d  balancing,  i .e. ,  f o r  any two vectors  X, 2 (whether on the  energy- 

momentum s h e l l  o r  no t )  

i 

- 

and s i m i l a r l y  for $tsfe Eq. (194a) can be provedp e .g . ,  by not ing  t h a t  
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Eq. (108) and t h e  definition (131f) of Zl2 imply-Sl2 i s  a symmetric ‘ 

operator  i n  the coordinate  r ep resen ta t ion ,  

(194b) 

whereat (194a) follows immediately, r e c a l l i n g  the  fundamental de f in ing  

r e l a t i o n  (131e) f o r  the matrix elements of Sl2. 

Comparing E q .  (1919) wi th  E q .  (193),  and employing (194a), w e  see 

t h a t  E q .  (190b) w i l l  hold if 

i.e., i f  

(195a) 

(195b) 

2 

But using E q s .  (178a) - (178b), w e  see t h a t  (195b) reduces t o  the  r e l a t i o n  

(178c) required by conservation of energy and momentum. Therefore (195b) 

does hold--and the  d e t a i l e d  balancing r e l a t i o n s  (190) are s a t i s f  ied--for 

k k on the energy-momentum s h e l l ,  Q.E.D. - i ’ - f  
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5.2.3 Residual T e r n  

I now r e t u r n  t o  ?(lei %) of (175a); i n  p a r t i c u l a r  I 

i n v e s t i g a t e  the d e t a i l e d  balancing p rope r t i e s  of t he  r e s i d u a l  terms 

-t etc., no t  examined in subsect ion 5-2.1,  If we ignore  T 2312Q-i + kf’9 
convergence quest ions cas t ing  doubt on the  legi t imacy of interchange of 

order  of i n t e g r a t i o n  and l i m i t  E + 0 ,  then--according t o  E q s ,  (137)-- 

the i n t e g r a l  (170a) is 

b - - D  
4 

(196a) 

where Jli(Ici)$ 

states $Ji9 Jlf we have been employing throughout, def ined by E q s .  (21a) 

and (100c) 

corresponding t o  (196 ) would be  [ r e f e r r i n  

no ta t ion  of E q s .  (181) - (182)] 

$Jf(kf) are respec t ive ly  the i n i t i a l  and f i n a l  plane wave 

The time-reversed matr ix  element in TS(- lcf + - k 
I_  m i  

t o  ( 1 6 9 ~ )  and using the  

via manipulations as i n  E q s  . (137) e But, as in E q s .  (183) 
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Moreover, t h e  fundamental d e f i n i t i o n  (77a) implies  t he  three-body Tlz-- 

l i k e  t h e  purely two-body p: 

coordinate r ep resen ta t ion .  Consequently, g r a n t i n g  t h e  v a l i d i t y  of Eqs e 

(196) 

i n  (194b)--is a symmetric operator  i n  t h e  1 2  

e 

3 

Sect ion E . 4  i n  essence shows t h a t  

where t h e  q u a n t i t i e s  on t h e  r i g h t  s i d e  of (199a) are given by Eqs. (175b) 

and (176b). S imi l a r ly ,  
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Comparison of Eqs. (199a) - (199b), together  with Eqs. (190b) and (198), 

now implies  t h e  des i r ed  r ec ip roc i ty  r e l a t i o n  (180b) which--along with 

t h e  a l ready  proved (380a) --is s u f f i c i e n t  t o  guarantee (179b) , as explained 

a t  t h e  beginning of s e c t i o n  5.2. 

The foregoing demonstration t h a t  Tt(k -+ k ) obeys (179b) is merely $4 4 
sugges t ive  r a t h e r  than compelling, f o r  t h e  following two reasons e F i r s t  , 

t he  interchange of order  of i n t e g r a t i o n  and l i m i t  E -f 0 leading t o  the  

(+I r e a l l y  is n o t  j u s t i f i e d ,  5 
23f 23 12 symmetric expression (196a) f o r  

f o r  reasons amply discussed i n  t h i s  and earlier chapters .  Second, even 

if the v a l i d i t y  of Eqs. (196) is granted,  i t  is n o t  clear t h a t  the 

s p e c i f i c  formulas (175b) and (175c) are cons i s t en t  with d e t a i l e d  

balancing,  because these  formulas w e r e  der ived v i a  some mathematically 

quest ionable  manipulations,  e .g . ,  t he  use of Eqs. (173) t o  r e i n t e r p r e t  

the  d ivergent  i n t e g r a l s  i n  (172a). What is  requi red ,  t he re fo re ,  i s  a 

proof t h a t  Eqs. (175b) - (175c) as they s t and  s a t i s f y  (180b). This 

proof I now proceed t o  give.  , 

Recal l ing Eqs. (192) - (194), i t  is seen t h a t  Eq. ( 1 7 5 ~ )  y i e l d s  

(200a) 
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I n  (200a) i t  has been convenient t o  rewrite ( 1 7 5 ~ )  and i t s  analogues 

i n  a fashion t h a t  t i v i a l l y  e l imina tes  t h e  &-functions under t h e  i n t e g r a l ;  

as i n  ( 1 7 5 ~ 1 ,  the  i n t e g r a l  i n  (200a) is convergent provided the  

quant i ty  wi th in  t h e  braces  is  t r e a t e d  as a s i n g l e  =rZ3-dependent function. 

I t  is f u r t h e r  convenient t o  rewrite (200a) as 

- 
(200b) 

where 

J 

(200c) 

Rewriting (175b) in t he  same way, w e  ob ta in  
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where 

With the aid of (131f) and the two-particle analogue of (63a), E q .  

(73b) takes the form 
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is defined by ( 7 4 a ) ,  and '12i where 

(202r) 

(202d) 



Then from (20lb) w e  see 
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(203a) 

But ,  by our u s u a l  

and l i m i t  E + 0 is  permissible i n  (203a), because the integral (201b) i s  

convergent f'except at A = 9 k12i]e 

l e  (section A . 8 ) ,  interchange of order of integration 

Hence 

(203b) 
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where now each of the  terms i n s i d e  t h e  b races  i n  (203b) are i n d i v i d u a l l y  

convergent i n t e g r a l s ,  

Using t h e  expansion 

the  i n t e g r a l s  (203b) y i e l d  

(205a) 

Hence, eva lua t ing  the l i m i t  E + 0 in (204a) w@ obtain f i n a l l y  
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(205b) I __. 

The r e s u l t  (205b) is  well-defined and f i n i t e  a t  

such t h a t  A 

where the  i n t e g r a l  (201b) [from which w e  deduced (205b)l diverges-- 

a l l  values  ofk9&12i  

12i-- 2 k12ie I n  f a c t ,  (205b) is  f i n i t e  even a t  A = 2 k 

provided i t  is understood t h a t  t he  values  of F 

given by t h e  l i m i t s  of (205b) as A -t S k12 

at A = & k12i are 1 2  

Eqs.  (205c) - (205d) are cons i s t en t  wi th  each o the r ,  i n  t h e  sense t h a t  
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changing v to -v i n  (20Sc) gives (205d). . . A  @A 

E q s .  (205b) and (201) leads t o  

2 2 valid at A # k12i - Eq.  (206) which has been deduced from (175b) 

obviously i s  a generally more convenient and more readily interpretable 

formula for  f t (k i  -+ kJ than is  (175b) i t s e l f .  

leads to 

Similarly, Eq. ( 2 0 0 ~ )  .- 

2 

which--when combined with Eqs e (200) --yields 

1EI - -  
2 2 valid at B # k23f . 
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Using Eqs. (194a) and (195b), we now see t h a t  Eqs (206) and  (208) 

indeed are cons i s t en t  with t h e  d e t a i l e d  balancing r e l a t i o n  (180b) Q.E.D. 

I f u r t h e r  note  t h a t  according t o  Eq. (173b) [OF, b e t t e r ,  Eq. (E49b) i n  

s e c t i o n  E.41, the  term involving (k12i - A)"l i n  (175b) should be 

dropped a t  A = k12i; correspondingly,  the  term i n  (175b) involving 

+ A)-l should be dropped when A = - k12ie I f  these  s t r i c t u r e s  (I52 i 

are included i n  Eq. (201a) and then combined with Eqs. ( 2 0 5 ~ )  - (205d) 

w e  see t h a t  Eq.  (206) should be supplemented by 

2 2 a t  A = k12i a Simi lar ly  Eq. (208) is  supplemented by 

(209a) 

(209b) 

again cons i s t en t  wi th  d e t a i l e d  balancing. For completeness, 2 2 
a t  €3 = k23f 9 

I a l s o  note  t h a t  Eq. (175c) reduces to  

(210a) 

2 2 
-- a t  C .- # kjli , supplemented by 
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(210b) 

2 2 a t  C = kjli e 

I c lose  t h i s  subsec t ion  wi th  two remarks. First--because our  

conclusion t h a t  the de t a i l ed  balancing r e l a t i o n  (180b) is s a t i s f i e d  r e s t s  

so heavi ly  on t h e  r e s u l t  (205b)--in Appendix A.10 I deduce Eq. (205b) 

from E q .  (201b) by a method which avoids t h e  [made t o  seem reasonable ,  

bu t  no t  r e a l l y  proved i n  s e c t i o n  A . 8 1  interchange (203a) - (203b) of 

order  of i n t e g r a t i o n  and l i m i t  E + 0 ;  t h i s  alternative de r iva t ion  

confirms the conclusions of the present  subsec t ion  and provides f u r t h e r  

evidence t h a t  our claims and arguments i n  s e c t i o n  A.8 r e a l l y  are 

c o r r e c t .  Second, i t  r ead i ly  can be v e r i f i e d  t h a t  Kqs.  (175b) - ( 1 7 5 ~ )  

would n o t  be cons i s t en t  with (180b) i f  t he  cont r ibu t ions  (173a) t o  the  

s i n g u l a r  i n t e g r a l s  i n  (172a) had been omitted,  
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5.3 Momentum Space Procedures 

The i t e r a t i o n s  which have been employed i n  t h i s  work on numerous 

occasions--to ob ta in ,  e.g. ,  Eqs. (64) o r  (162)--clearly are independent 

of representa t ion ,  i .e. ,  equally w e l l  could have been performed i n  

momentum space. Moreover, r e l a t i o n s  such as Eqs a (63) (81) and the  

th ree -pa r t i c l e  analogue of (131h) u l t ima te ly  make i t  poss ib l e  t o  express  

a l l  i t e r a t i o n s  of t h e  s c a t t e r e d  wave nP (+)--or of var ious cont r ibu t ions  

('I such as nP t o  0 

with GF (+I [ t h a t  i s  t o  say ,  expressions whose le f tmost  f a c t o r  is G 

and whose rightmost f a c t o r  i s  $i. 

Eqs. (90)  make e x p l i c i t ,  i t  is  the case t h a t  the  l i m i t  of GF(')(r;r';E) 

as r -+ is  propor t iona l  t o  J, ( r ' )  defined by ( 1 0 0 ~ ) .  Therefore,  

g ran t ing  t h a t  t he  v a r i e t y  of poss ib l e  i t e r a t i o n s  must l ead  t o  s e l f -  

consis  t e n t  r e s u l t s  provided quest ions concerning convergence and interchanging 

orders  of i n t e g r a t i o n  can be ignored, i t  r e a l l y  is  not  s u p r i s i n g  t h a t  t h e  

t r a n s i t i o n  amplitude matr ix  elements obtained from our conf igura t ion  

space approach agree formally with t h e  corresponding matr ix  elements i n  

the more customary momentum space procedures. 

i 

of Eqs. (161)--in terms of expressions beginning 
CiB i 

(+I 3 
F 

I n  addi t ion ,  as Eq, (96) a r  

.t Iu * 
w f rJ 

Thus, f o r  example, i t  i s  no s u r p r i s e  t h a t  Eqs. (187) take the  form 

they do. I n  the  d iscuss ion  of Eqs. (165) - (166) w e  have argued t h a t  

Td(k 4 lcf) def ined by Eq. (165b) represents  t h e  cont r ibu t ion  t o  

T(ki + k ) r e s u l t i n g  from s c a t t e r i n g  processes  involving th ree  o r  more 

successive purely two-body c o l l i s i o n s .  Hence E q .  (187b) merely states 

t h a t  < f 1 * TI i > c o n s i s t s  of Td(lci 4 Ef) p lus  the cont r ibu t ions  < f 

from ind iv idua l  purely two-body c o l l i s i o n s  p lus  the  cont r ibu t ions  

- < fl,TaBGF;ysli > from a l l  poss ib l e  p a i r s  of success ive  purely two-body 

c o l l i s i o n s ;  t h a t  t h e  minus s igns  i n  (187b) preceding the  double s c a t t e r i n g  

matr ix  elements are cons i s t en t  with t h i s  i n t e r p r e t a t i o n  follows from 

m i  

- f  

i > 
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Eqs .  (133b) and (137). I n  t h e  t e x t  I have given a long-winded der iva t ion  

of (187a) [which except  f o r  i t s  e x p l i c i t  i nc lus ion  of the l i m i t  E + 0 

i s  the  same as (187b) ] only because I have in s i s t ed :  ( i )  on s t a r t i n g  

from an expression (165b) f o r  Td(ki -t lcc) composed s o l e l y  of convergent 

i n t e g r a l s ,  and ( i i )  on employing no mathematically i l l e g i t i m a t e  

manipulations i n  going from (165b) t o  (187a). 

mathematically quest ionable  opera t ions ,  E q .  (187b) can be derived more 

I f  I a m  w i l l i n g  t o  employ 

r ead i ly  than w a s  (187a). S p e c i f i c a l l y ,  start from Eq. (131d), which with 

the  a i d  of Eqs. (63) can be r ewr i t t en  i n  the form [once again s impl i fy ing  

the  no ta t ion  by dropping t h e  b a r s ]  

- V[G -G(v I2 +v 23 )G -3 
31 

(211b) 
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Next, employ Eqs. (60) and (77a),  which reduce (211b) t o  

(211c) 

and then use (100b), which converts (211c) t o  

The Yf (-)* t e r n  i n  (211d) are p rec i se ly  Ts(lci -t ,kf) of (133b) ; Eqs. 

(137) and (169c) have shown 

E q s .  (211d) - (211e) y i e l d  E q .  (187b). 
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5.3.1 Diagrammatic Techniques 

The above de r iva t ion  af.~(187b)-as wall as t h e  de r iva t ion  of (187a) 

i n  subsect ion 5.2.1-can be p a r a l l e l e d  s t e p  by s t e p  i n  t h e  momentum 

representa t ion .  A l t e rna t ive ly ,  one can obta in  a q u i t e  d i r e c t  and simple 

demonstration of (187b) v i a  diagrammatic techniques (4 ' ' 8, . 
i t  r e a l l y  i s n ' t  necessary t o  do so--we a l ready  have two independent 

de r iva t ions  of Eq. (187b)--for completeness sake I s h a l l  give t h i s  

diagrammatic d e r i v  ion, It i s  convenient f i r s t  t o  in t roduce  as 

propagatom t h e  nega t ives  of the  Green's func t ions  we have been using;  

i n  t h i s  s e c t i o n  these  nega t ives  w i l l  be denoted by t h e  carat, i .e . ,  

Although 

A 
= -  G, GF = - GF9 = -  g12s etc. Then Eq. (131f) becomes 2 

12 

Correspondingly the two-particle analogue of Eqs (81) is  

Using (212b) t o  i terate  (212a) y i e l d s  

. - .  

(2 12 a )  

(212b) 

(212c) 

wherein a l l  terms are of p o s i t i v e  s i g n  [ the  reason f o r  in t roducing  these  

1. Taking matr ix  cara ted  propagators i n  place of our f o  

elements of  ( 2 1 2 ~ ) ~  

F9 '12 
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Eq. (212d) can be represented diagrammatically by 

where the  r u l e s  f o r  cons t ruc t ing  the  matr ix  element counterpar t  t o  any 

ind iv idua l  diagram on t h e  r i g h t  s i d e  of (213) are obvious; i t  only is  

necessary t o  remember t h a t  between any p a i r  of successive vertical 

l i n e s  connecting 1 and 2 t he  p a r t i c l e s  propagate f r e e l y ,  i.e. i n  each 

matr ix  element the  free p a r t i c l e  propagator sepa ra t e s  successive F 
Plac ing  the  i n i t i a l  s tate on the  r i g h t  and the  f i n a l  12' i n t e r a c t i o n s  V 

state on the  l e f t ,  as i n  the  matr ix  elements (212d) themselves, minimizes 

poss ib le  confusion i n  i n t e r p r e t i n g  the  diagrams; i n  o the r  words, we 

suppose the  system evolves from r i g h t  t o  l e f t  as ind ica ted  by t h e  arrows. 

The bubble diagram on the  l e f t  denotes the  sum of the diagrams on t he  

r i g h t ;  equ iva len t ly ,  t he  bubble diagram denotes the  matrix element of 

5,12(512;,r12 '1 i tsel f .  

S imi l a r ly ,  i n  the  th ree -pa r t i c l e  sys  tern [again dropping t h e  bars  1 where 

us ing 

(214a) 

(2 14b) 

obviously l e a d s  t o  



h A . .  a -v  + . . .  
\ 

( 2 1 4 ~ )  

That is to  say, every possible sequence (with repeats) of the three 

interactions V12, V23, V31 occurs i n  the i teration of & T.  

w e  have the diagrammatic representation 

Correspondingly 

I I 1 1 - 1  I I 

2 

3 

2 =  2 

3 3  

I I t  I I I 

f 2  2 f  2 f 2  2+ 0 ” ‘  
2 t r - i  

3 3 3  3 3 3 

I 

+ 2  + . . .  

3 

(215) 
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where the  super-bubble i n  (215) denotes < f 121 i > s  and where on the r i g h t  

s i d e  of (215) there  occurs every poss ib le  diagram constructed from 

successive vertical l i n e s  V12' Q23 o r  V31 connecting p a i r s  of t he  

h o r i z o n t a l  l i n e s  1, 2 ,  3. Actually (215) has  been d r  so t h a t  t h e  

ind iv idua l  diagrams t h e r e i n  are the  counterpar ts  of the  p a r t i c u l a r  terms 

included i n  (214c) 

NOW consider  the  f i r s t  diagram on the r i g h t  s i d e  of (2151, represent ing  

the  matr ix  element f I V I i >. Evidently t h i s  diagram i s  1 2  
a whole sequence of diagrams on the  r i g h t  s i d e  of (215), each of which 

ed s o l e l y  of i n t e r a c t i o n s  Vl2* I n  o the r  words, on the  r i g h t  

s i d e  of (215) I can s i n g l e  out  t h e  sum of diagrams 

I 

2 (216a) + ... - - 

I 

2 + 

d 3 - 3 w 

where the  bubble on t h e  r i g h t  s i d e  of (216a) now denotes t h e  matr ix  

element Jlf T J, 

element of the  th ree -pa r t i c l e  'J12 of Eq. (77a)--rather than wi th  the  

Jir 
This bubble must be i d e n t i f i e d  wi th  the  matr ix  d 1 2  io  

t i c le  5t2 of Eqs. (131f) and the  bubble i n  (213)--because i n  (214a) 

V (E;%') i s  propor t iona l  t o  the  th ree -pa r t i c l e  6 ( r  - r') of  Eq. (27e),  412 w ' - w  

r a t h e r  than merely t o  the  two-particle 6(s12 - gI2 ') o f  Eq, (131f) ; 

correspondingly the  matr ix  element counterpar ts  of the  diagrams i n  

(216a) involve the  th ree -pa r t i c l e  f r e e  space propagator e = -G w e  

have used throughout, and are taken be the  three-par t fc le  plane 

wave states J, 

F F 

of Eqs. ( 1 0 0 ~ )  (21 f P  Jli r 
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Next consider ,  e.g. ,  the  fou r th  diagram on the  r i g h t  s i d e  of (215). 

Then on the  r i g h t  s i d e  of (215) I f i r s t  can s i n g l e  out the sum of 

diagrams 

followed by the  sum of sums -- I- 

* 
The diagram on the  r i g h t  s i d e  of ( 2 1 6 4  obviously denotes a $f 'I'23f?Fz12$i 

cont r ibu t ion  t o  the  o v e r a l l  sum on t h e  r i g h t  s i d e  of (216a). Simi lar ly ,  

s t a r t i n g  wi th  the  l as t  diagram ( I ' l l  ca l l  i t  D) on the  r i g h t  s i d e  of 

(215), I f i r s t  sum those diagrams which repea t  t he  rightmost i n t e r a c t i o n  

V12, ob ta in ing  a sum represented by a diagram i d e n t i c a l  w i  

t h a t  ?,Tlz r ep laces  V on t h e  r i g h t .  

has  replaced V 

V23 immediately t o  the l e f t  of ,Tlz is  repeated. 

t h i s  fashion,  I s i n g l e  out  i n  (215) a c o l l e c t i o n  of diagrams assoc ia ted  

Next I sum t h e  sums i n  which T 12 4 1 2  

on the  r i g h t  s i d e  of D, but  i n  which t h e  i n t e r a c t i o n  1 2  

Evident ly ,  proceeding i n  

with D whose sum represents  t h e  matrix element 
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I t  is  now apparent that (215) y ie lds  

(217a) 

where xd can be thought to consist of a l l  matrix elements corresponding 

to n - > 3 successive two-body scatterings,  i . e .  

n, Replacing GF in  Eqs. (217)  by 

we see  that Eq.  (217a) 

frame version of )  E q  (187b). 

-GF, and recal l ing Eqs. (165b) - (166b), 

signs and all, is ident ica l  with (the laboratory 
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5.3.2 Single  and Double S c a t t e r i n g  Diagrams 

Thus f a r  t h i s  s e c t i o n  5 . 3  has made i t  clear t h a t  our  conf igura t ion  

space expressions f o r  < f I TI i > 5 ?($, -t k 3 agree formally wi th  expressions 

€or < f 1% li > derived via momentum space procedures, and t h a t  they should 

.M -f 

be expected t o  manifest  such agreement. On. t he  o t h e r  hand, t h i s  asser t ion--  

important though i t  is--does no t  of i t s e l f  imply t h a t  eac t ion  rates 

computed using our conf igura t ion  space expressions necessa r i ly  w i l l  agree 

with the  r e s u l t s  of r eac t ion  rate computations us ing  mome 

expressions.  I n  the f i r s t  place the  whole p o s s i b i l i t y  of demonstrating 

a correspondence between conf igura t ion  space and momentum space formulations 

depends on being ab le  t o  interchange order  of i n t e g r a t i o n  and l i m i t  F +- - 
(+I o r  p a r t s  OB 5 (+I9 as discussed i n  var ious i n t e g r d  expressions f o r  t 

i n  chapter  4 ;  without  t h i s  interchange,  t he  conf igura t ion  space r e s u l t s  

,*a 

i i 

f o r  p robab i l i t y  cu r ren t  flow cannot be expressed i n  terms of matr ix  

''1 e t e .  I u l t imate ly  
- * - (a) - (-)*v 5 

' yf 23 12 elements [such as $f V 

i d e n t i f i a b l e  with momentum space matr ix  elements ComPosing a l l  o r  P a r t  of 

< f l T l i  >. 

conf igura t ion  space and momentum space expressions f o r  < €lzl i > has been 

Moreover, the  aforementioned formal ag eement between t h e  
h 

es t ab l i shed  without regard t o  the poss ib le  inf luences  of manipulations 

such as: ( i )  interchange of orders  of i egra t ion  (ii) interchange 

of o rde r  of i n t e g r a t i o n  and limit E +- 0 i n  < f I T ( E  1- i c )  I i > 9  and 

Fourier  t ransformst ion ,  f e e . ,  t ransformation from the  coordinate  t o  

( i i i )  :, *, 

momentum representa t ions .  Such manipulations,  if: n o t  l e g i t i m a t e ,  can 

produce d i f f e rences  i n  the  numerical values  of matr ix  elements which are 

formally i d e n t i c a l ,  and strict proofs of legi t imacy are ha d t o  come by; 

i n  f a c t ,  i t  already has  been pointed out--in connection with E q s ,  ( 5 1 ~ ) ~  

(51d) and (131d) --that the  r e l a t i o n s  
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need n o t  hold.  However, as so o f t en  argued i n  t h i s  work, i t  i s  reasonable 

t o  assume t h a t  manipulations which a t  no s t e p  involve divergences indeed 

are j u s t i f i e d  . 
L e t  me now assess the s ign i f i cance  of Eq. (187b) i n  the  l i g h t  of 

the  above remarks. The d iscuss ion  of Eq. (165a) has explained t h a t  the 

interchange of order  of i n t e g r a t i o n  and l i m i t  2 + 03 y ie ld ing  (165b) is 

j u s t i f i e d ,  except poss ib ly  along an inconsequent ia l  se t  of s p e c i a l  ,:fa 

Correspondingly, T (lei * k ) is composed of convergent i n t e g r a l s ,  except  

Poss ib ly  along an inconsequent ia l  se t  of s p e c i a l k f ;  moreover, because 

the i n t e g r a l s  i n  (165b) are convergent, manipulations such as those i n  

Eq .  (166b) are l eg i t ima te .  It follows t h a t  the quant i ty  Td(_ki -t lcf)-- 

here  def ined  as the  cont r ibu t ion  t o  Tt(lci -f lcf) OK ?(k * lcf) assoc ia ted  

with n - > 3 successive two-body scatterings--should y i e l d  the same values  

whether computed i n  momentum space o r  i n  conf igura t ion  space [except 

poss ib le  a long an inconsequent ia l  set of s p e c i a l  kf]. 
i s  the  c a r e f u l l y  proved Eq e (187a) --rather than (187b) --which provides 

the  mathematical s ta tement  of the immediately preceding a s s e r t i o n  

concerning Td(k + k 1 I) because i n  momentum space the s c a t t e r i n g  matrix 

elements comprised i n  < f 

E -f 0 of the corresponding matr ix  elements i n  < f I $(E + i c )  I i > To put 

i t  d i f f e r e n t l y ,  i n  t he  momentum space formalism t h e  cont r ibu t ions  t o  t h e  

t o t a l  s c a t t e r i n g  amplitude !f(lci + k ) made by e .g . ,  t he  diagrams on the  

r i g h t  s i d e s  of Eqs. (216a),  (216c) are re spec t ive ly  

VW 

-d 
+f 

-i 

As it  happens i t  

'-4 -f 
I i > customarily are computed from the  l i m i t  

r" 

-f 
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i i 
(219a) 

where i t  is  understood of course t h a t  f o r  phys ica l ly  observable amplitudes 

E' = Ei = zf. 
amplitudes whether o r  no t  i t  i s  t r u e  t h a t  t h e  corresponding r e l a t i o n s  

The r e l a t i o n s  (219) de f ine  the  momentum space s c a t t e r i n g  

and 

[ involving interchange of order  of i n t e g r a t i o n  and l i m i t  E -+ 01 hold 

when these  matr ix  e& ats are computed i n  t h e  momentum representa t ion .  
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In  view of the foregoing, d i f f e rences  between conf igura t ion  space 

a d  momentum space r eac t ion  rate p r e d i c t i o n s  can s t e m  only from t h e  

behavior of matr ix  elements represent ing  s i n g l e  o double s c a t t e r i n g  , 

i .e .  from matrix elements of the types w r i t t e n  down i n  Eqs. (219) and 

(220) ; i n  the  remainder o f t h i s  s e c t i o n ,  t he re fo re ,  w e  confine our 

a t t e n t i o n  t o  s i n g l e  and double s c a t t e r i n g  cont r ibu t ions  t o  the  s c a t t e r i n g  

amplitude. Fo e i t h e r  of t hese  types of s c a t t e r i n g  processes i t  w a s  less 

obvious i n i t i a l l y  than i n  the  case of n - > 3 s c a t t e r i n g  processes  t h a t  

there  would be a c lose  agreement between c o n f f g u r a t b n  space andmomentum 

space r e s u l t s ,  because f o r  i n t e g r a l  expressions represen fng those p a r t s  

of (Pi (+I assoc ia ted  with n = 1 and n = 2 s c a t t e r i n g  processes interchange 

of order  of i n t e g r a t i o n  and l i m i t  r -+ 03 i s  no t  j u s t i f i e d  [recall  chapter  

41; correspondingly,  when f o r  these  n = 1 and n = 2 processes  t h i s  

u n j u s t i f i e d  interchange of order  of i n t e g r a t i o n  and l i m i t  x -+ 03 w a s  

performed, the conf igura t ion  space mat r ix  elements obtained were d ivergent ,  

implying t h a t  t h e  [seemingly required f o r  a reement between conf igura t ion  

space and momentum space p red ic t ions  manipulations ( i )  - ( i i i )  l i s t e d  i n  

the  opening paragraph of t h i s  subsect ion would have dubious v a l i d i t y  

Nevertheless  the  momentum space and configu a t i o n  space r e s u l t s  f o r  s i n g l e  

and double s c a t t e r i n g  processes  g r a t i f y i n g l y  tu rn  out  to be e s s e n t i a l l y  

i d e n t i c a l ,  as i s  d e t a i l e d  below. 

.-. 

Consider f i r s t  t h e  typ ica l  s i n g l e  s c a t t e r i n g  process represented by 

t h e  diagram (216a), whose cont r ibu t ion  t o  t h e  s c a t t e r i n g  amplitude is 

computed i n  momentum space v i a  E q .  (219a). By d e f i n i t i o n  r e c a l l i n g  a l s o  

E q s .  (33b),  (40b) and (77a)l  
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(221a) J 

But 

Also, using the center of mass analogue of Eq.  (D3) i n  section D.l below, 

the second integral involving E12 i n  ( 2 2 1 4  becomes 
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Thus, 

(2224 

s o  t h a t ,  from (219a), t he  momentum space cont r ibu t ion  t o  !f(k -f k ) made 

by the diagram (216a) is 

-i -f 

i 
(222b) 

where the  matr ix  elements on the r i g h t  s i d e s  of (222) are defined as i n  
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E q .  (131e). Obviously Eq.  (222b) i s  i d e n t i c a l  wi th  E q .  (130c), r e c a l l i n g  

t h a t  t he  l e f t  s i d e  of Eq. (130a) is t h e  matr ix  element f o r  T12(,ki + $1 

i n  configurat ion space a 

Next consider t h e  t y p i c a l  double s c a t t e r i n g  process represented by 

t h e  diagram ( 2 1 6 ~ ) .  

r i g h t  s i d e  of (219b) i s ,  by d e f i n i t i o n  

Computed i n  momentum space the  matr ix  element on the  

(223a) 

where t h e  matrix elements of zaa are given by Eqs .  (221) - (2221, and 

where--again by d e f i n i t i o n  

Using t h e  expansion 

(223b) 
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E q .  (223b) becomes 

s.7- 

(224b) 4 
c 

I n s e r t i n g  (224b) and ( 2a) i n t o  (223a) y f e l d s  

b -i 

which can be seen t o  be equivalent  t o  the  r e s u l t  quoted on p .  59 of 

Watson and N ~ t t a l l ( ~ ) .  I n  Eq. (225), z(k)  .r’ is given by e i t h e r  t h e  1, 2 or  the  

2,  3 analogues of (35) as one chooses. Hence, because of the 6 ( K  - K ) 

f a c t o r  i n  the  in tegrand ,  the  denominator i n  (225) can be w r i t t e n  as 

r.12 -121 
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Also, from (29d) 

(226b) 

E q .  (226c) f u r t h e r  implies  t h a t  (for f ixed  I&) dk12 = ds23, i .e. ,  i n  

Eq.  (225) 

(226d) 

Using (226d), t h e  i n t e g r a t i o n s  i n  (225) are immediately performed, wi th  

the  q u a n t i t i e s  523, $12 being given by E q s .  (226b), ( 2 2 6 ~ )  respec t ive ly  

a f t e r  making the  replacements = E23fg - -,g12ie Recal l ing E q s .  

(171a), w e  now see t h a t  E q s .  (219b) and (225) imply the  momentum space 

amp li t ud e 
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- -  
e 

2 2 
For A + k12i , the l i m i t  i n  (227) can be performed immediately, and 

obviously y i e l d s  

(228a) 
- 
- _ .  

ehe l i m i t  E +- 0 f n  (227) doesn ' t  r e a l l y  exist, b u t  i n  For A = k12i , 
momentum space procedures i t  is customary 

2 2 

t o  make the  i n t e r p r e t a t i o n  ( 4 2 )  

s (228b) 

where P again s i g n i f i e s  t h e  p r i n c i p a l  p a r t  ( a f t e r  i n t e  r a t i o n ) .  According 

to (228b), a t  A 2 = k12i 21  Eq. (227) should y i e l d  
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The r i g h t  s i d e s  of E q s .  (228a) and (206) are i d e n t i c a l ;  the r i g h t  s i d e s  

of Eqs . ( 2 2 8 ~ )  and (191a) are i d e n t i c a l .  Therefore,  r e c a l l i n g  a l s o  E q .  

(209b), we see t h a t  E q s .  (228a) and (228c) taken toge ther  show t h e  

momentum space T 2312(&i + f f )  is i d e n t i c a l  with the  conf igura t ion  space 

f o r  a l l  A2, where the conf igura t ion  space amplitudes on the  r i g h t  s i d e  

of (229) are given by E q s .  (175b) and (176b). 
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5.3.3 Off-Shell Double Sca t t e r ing  

Sec t ion  4.2 makes i t  obvious that--whether arrived a t  v ia  momentum 

space procedures Q'K v i a  the  conf igura t ion  space approach of s e c t i o n  4.l-- 

the  s i n g l e  s c a t t e r i n g  t r a n s i t i o n  amplitude ~f (222a) or ( 1 3 0 ~ )  must no t  

be included i n  Tt(Ei + 5,) 
between the  conf igura t ion  space and mo-r.~eratram space s ing le  s c a t t e r i n g  

con t r ibu t ions  to the  t o t a l  t r a n s i t i o n  opera tor ;  and to i ts  t r u e  three-  

body p a r t  ,Tv 

has shown t h a t  t he  momentum space and conf igura t ion  space con t r ibu t ions  

t o  the  t o t a l  T are the  same; however$, t he  momesxtt~m space cons idera t ions ,  

e.g., the  diagrammatic de r iva t ion  of ( 2 1 6 ~ )  i n  subsec t ion  5-3 .1 ,  do no t  

very convincingly i n d i c a t e  wha$ p a r t  of T2,,2(>f + k f )  should be included 

i n  ~ ~ ( g ~  + kf) 

In o t h e r  words, t h e r e  is complete agreement 

t For doeable s c a t e e r i n g  processes  the  preceding paragraph 

N 

Again, s e c t i o n  4.2 makes i t  obvious that--whether a r r ived  

a t  v ia  momentum space procedures o r  v i a  the conf igura t ion  space approach 

of s e c t i o n  4.1--the quan t i ty  (228c) giving f,3r2(ti -+ lek) a t  A 2 = k12i 2 

But t o  decide whether (228a)--the va lue  of !f2312(ki + 'kk? a t  A 2 d k 

must be excluded from Tt (Ei + Ef)  ; otherwise the  i n f e r r e d  three-body 

e l a s t i c  s c a t t e r i n g  rate w i l l  have an anomalous T ~ ' ~  dependence on t h e  volume 

T. 2 -- 
rw 1 2 i  

should o r  should not  be  excluded from Tt(,ki 4 , k f ) 9  i t  seems necessary t o  

f a l l  back on our conf igura t ion  space arguments. 

Actua l ly ,  once (l75b) has been reduced t o  (206) the  conclusion 

the  conclusion t h a t  i t  indeed r ep resen t s  a contribution t o  Zt---i. e a 

t h a t  (228a) should n o t  b e  excluded from Te--apparently can be i n f e r r e d  

merely from the  r u l e s  a t  the end of subsection 4 , 2 , 3 .  Along mosg 

rd 

d i r e c t i o n s  v i n  t he  nine-dimensional conf igura t ion  spacer  the scattered 

p a s t  Oi(') (IT) decreases  asymptot ical ly  l i k e  P " ~ " ;  these  are the  

d i r e c t i o n s  corresponding t o  those Jf for which- the  experfmental is  8: 

expects  t o  count t r u l y  three-body s c a t t e r i n g  events  I Core;Hesl;~,.adfngly fi 

i n  genera l  the allowed k 

."# f 

-.'I 

for given, lci form a five-dimensional manifold -P 
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[conservat ion of t o t a l  momentum and t o t a l  energy imposes four  condi t ions 

on the otherwise a r b i t r a r y  n ine  numbers spec i fy ing  k l f ,  lc2f9 lcjf 1 

f o r  s p e c i f i e d  lci9 k f 9  the  q u a n t i t i e s  bs .. B are uniquely determined by 

Eqs. (171a), without imposit ion of any add i t iona l  condi t ions;  t he re fo re ,  

Now 

f o r  phys ica l ly  allowed k 

processes  whose cont r ibu t ions  are evaluated by (228a) are assoc ia ted  

with the  f u l l  five-dimensional manifold of f i n a l _ k f .  Consequently, 

general  (228a) represents  a cont r ibu t ion  t o  T2312(lci -> lcf) along d i r e c t i o n s  

k corresponding t o  t r u l y  th ree -pa r t i c l e  s c a t t e r i n g ;  f o e . ,  i n  general  -f  

(228a) should be  included i n  zte 

cons i s t en t  with given k the  double scat .- 6 -i 

Because of Eqs, (177) the r e s u l t  (228a) 

can be i n t e r p r e t e d  as r e s u l t i n g  from a p a i r  of: success ive  purely two-body 

s c a t t e r i n g s  each of which conserves momentum b u t  n o t  energy [though of 

course conservat ion of t o t a l  energy i n  the  o v e r a l l  t a n s i t i o n  from ,k 

i s  guaranteed, because kf i s  pres.umed t o  l i e  on t h e  t o t a l  energy s h e l l ] .  

4 k i -f 

The e x t r a  condi t ion t h a t  energy s h a l l  be conserved in. the  ind iv idua l  two- 

body s c a t t e r i n g  events  can be s a t i s f i e d  m l y  on a four-dimensional 

manifold of f i n a l  d i r e c t i o n s  lcf, along which s e c t i o n  E . 3  shows @ (+I (r) 

decreases  asymptot ical ly  as p 

&(A2 - k12i ') f a c t o r  t u rns  up i n  (228c) 1; consequently t h e  double 

s c a t t e r i n g  cont r ibu t ions  (228a) along d i r e c t i o n s  A 

excluded from it, 

i &  
-2 [ cons i s t en t  w i th  t h e  P 

should be 
2 

= klZi 

')-' i n  the  r i g h t  s i d e  of (206) means t h a t  The f a c t o r  (A - k12i 2 

;(si -f ,- k f )  of Eq. (3)  w i l l  diverge when in t eg ra t ed  over a%% f i n a l  lcf 

cons i s t en t  with A # k12i e This e s u l t ,  f o r  the  elastic s c a t t e r i n g  processes  

he re  being discussed,  can be i n t e r p r e t e d  along the  l i n e s  of subseceion 

4.2,2. 

body s c a t t e r i n g s  never the less  t h i s  diagram's of f - s h e l l  cont r ibu t ions  

2 2 

Although t h e  d iag  a m  (216c) corresponds t o  a p a i r  of purely two- 

(206) o r  (228a) cannot oacur unless  a l l  th ree  p a r t i c l e s  s ow sfmulganeously 

interact; i f  p a r t i c l e  3 i s  i n f i n i t e l y  f a r  from the p a i r  1, 2 ,  then the  
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p a i r  1, 2 can only make a c o l l i s i o n  which conserves energy as w e l l  as 

momentum. To pu t  i t  d i f f e r e n t l y ,  a f t e r  t he  f i r s t  c o l l i s i o n  i n  ( 2 1 6 ~ )  

the  p a r t i c l e s  1, 2 are i n  a s ta te  which lasts O ~ P Y  a t i m e  A t  u n t i l  

p a r t i c l e  2 c o l l i d e s  with 3, The magnitude of A t  is given by 

where X is the d i s t ance  t r ave led  by p a r t i c l e  2 be ween- i t s  c o l l i s i o n s  with 

1 and wi th  3 ,  and y2' = - is the  ve loc i ty  of p a x t i c l e  2 a f t e r  i t s  

f irs t  c o l l i s i o n .  

fik2 

9 
But the  magnitude AE of the  depar ture  from energy 

a rva t ion  i n  the  in te rnediabe  state is  

(230b) 

y i e ld ing  

/9, ( 2 3 0 ~ )  

Now, as i n  subsect ion 4.2,2, suppose t h e  volume 'I contains  p rec i se ly  

one p a r t i c l e  of each spec ies  1, 2 ,  3. 

which a c o l l i s i o n  between 31, 2 is foblowed by a collision between 2,  3 

during the t i m e  for pia t i c l e  2 t o  t r a v e l  a d i s t ance  X i s  [compare Eq. 

The rate of double s c a t t e r i n g s  i n  

(1594 1 

(231a) 

Therefore the rate of double s c a t t e r i n g s  in which the  s c a t t e r i n g  between 
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2,  3 takes  place a f t e r  p a r t i c l e  2 has  t rave led  a d i s t ance  between X and 

x + ax is 

(231b) 

(231c) 

so t h a t ,  s t i l l  wi th  one p a r t i c l e  of each qecees in T~ tke rate of double 

t t e r i n g s  i n  which energy conservation i n  the  intermediate  s ta te  f a i l s  

by an amount between AE arad AE ;t. d(AE) is [using (152b)l 

e 
(232a) 

(232b) 

where C '  here  is independent of t he  shape of the  s c a t t e r i n g  region T ,  and 

represents  an average [over s c a t t e r i n g  d i r e c t i o n s  and v e l o c i t i e s  1 of the  

vaarious pr imar i ly  velocity-dependent f a c t o r s  in (232a) mot e x p l i c i t l y  

included in (232b), 

spec ie s  i n  T is 

," 

A 
Nor p a r t i c l e s  of each The corresponding rate w i  
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1 , t he  r e s u l t  ( 2 3 2 ~ )  has  p rec i se ly  the  form obtained 

(k + , k f ) I 2  f om (206) is s u b s t i t u t e d  i n t o  EQs. when the  cont r ibu t ion  IT 2312 Mi 
-t 

- - (3) remembering a t  o12 is  propor t iona l  t o  I 1 2 ,  and t h a t  

d$lfd$2ffdlk3f i n  (3) can be 

k-dependent d i f f e r e n t i a l s .  

again i n d i c a t e s  t h a t  t h e  expression (206) must be included i n  the  

expressed i n  terms of d(AE) and o the r  

The f a c t  t h a t  ( 2 3 2 ~ )  is  propor t iona l  t o  T once 

1 three-body s c a t t e r i n g  amplitude. 

t he  above q u a l i t a t i v e  l a r g e l y  geometrical  argument is b a s i c a l l y  

( 4 5 )  c o n s i s t e n t  with t h e  arguments of I a g o l n i t z e r  who has  examined the  

i n t e r p r e t a b i l i t y  of a propagator pole  i n  t h e  scat e r i n g  amplitude. H e  

f i nds  t h a t  the  pole can be understood t o  represent  a p a i r  of success ive  

real two-body c o l l i s i o n s ,  bu t  h i s  ana lys i s  holds  only i n  the limit t h a t  

t h e  d i s t ance  X between the  c o l l i s i o n s  i s  very l a rge .  It is  t o  be noted 

t h a t  t he  geometrical  argument i n  t h i s  subsect ion d i f f e r s  i n  one important 

aspect  from those  given i n  chapter  4 ;  i n  chapter  4 i t  always w a s  presumed 

t h a t  each ind iv idua l  c o l l i s i o n  under d iscuss ion  [e. g. the  ind iv idua l  

two-body processe 

occurr ing event ,  i .e. was cons i s t en t  w i t h  energy and momentum conservation. 

F ina l ly ,  I c lose  this--che l as t  s e c t i o n  of the  main text--with t h e  remark 

t h a t  d e s p i t e  the eongist@nQY and i n t e r p r e t a b i l i t y  of our r e s u l t  (206) 

s ide red  i n  the  de r iva t ion  of (159a)l w a s  an a c t u a l l y  

f o r  the cont r ibu t ion  t o  zt made by double s c a t t e r i n g  processes ,  i t  s t i l l  

would be des i r ab le  t o  confirm our  conclusions via a conf igura t ion  space 

-+ k ) which somehow avoids having t o  r e i n t e r p r e t  c a l c u l a t i o n  of T 2312($i 

s i n g u l a r  i n t e g r a l s ,  as we were unable t o  avoid doing i n  der iv ing  Eqs.  (175) * 
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